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Ab initio low-energy effective Hamiltonians of two typical high-temperature copper-oxide super-
conductors, whose mother compounds are La2CuO4 and HgBa2CuO4, are derived by utilizing the
multi-scale ab initio scheme for correlated electrons (MACE). The effective Hamiltonians obtained
in the present study serve as platforms of future studies to accurately solve the low-energy effective
Hamiltonians beyond the density functional theory. It allows further study on the superconduct-
ing mechanism from the first principles and quantitative basis without adjustable parameters not
only for the available cuprates but also for future design of higher Tc in general. More concretely,
we derive effective Hamiltonians for three variations, 1) one-band Hamiltonian for the antibonding
orbital generated from strongly hybridized Cu 3dx2−y2 and O 2pσ orbitals 2) two-band Hamilto-
nian constructed from the antibonding orbital and Cu 3d3z2−r2 orbital hybridized mainly with the
apex oxygen pz orbital 3) three-band Hamiltonian consisting mainly of Cu 3dx2−y2 orbitals and two
O 2pσ orbitals. Differences between the Hamiltonians for La2CuO4 and HgBa2CuO4, which have
relatively low and high critical temperatures Tc, respectively, at optimally doped compounds, are
elucidated. The main differences are summarized as i) the oxygen 2pσ orbitals are farther (∼ 3.7 eV)
below from the Cu dx2−y2 orbital in case of the La compound than the Hg compound (∼ 2.4 eV) in
the three-band Hamiltonian. This causes a substantial difference in the character of the dx2−y2 -2pσ
antibonding band at the Fermi level and makes the effective onsite Coulomb interaction U larger for
the La compound than the Hg compound for the two- and one-band Hamiltonians. ii) The ratio of
the second-neighbor to the nearest transfer t′/t is also substantially different (0.26 for the Hg and
0.15 for the La compound) in the one-band Hamiltonian. Heavier entanglement of the two bands
in the two-band Hamiltonian implies that the 2-band rather than the 1-band Hamiltonian is more
appropriate for the La compound. The relevance of the three-band description is also discussed
especially for the Hg compound.
I. INTRODUCTION
Superconductors that have high Tc hopefully above
room temperature at ambient pressure are a holy grail
of physics. Thirty years ago, an important step for-
ward has been made by the discovery of copper oxide
superconductors1, which have raised the record of Tc
more than 100K up to around 138K2 at ambient pres-
sure and around 160K under pressure3,4. However, the
highest Tc record has not been broken much since then,
except recent discovery of Tc ∼ 200K in hydrogen sulfides
at extremely high pressure(> 150GPa)5.
Despite hundreds of proposals, the mechanism of su-
perconductivity in the cuprates has long been the subject
of debate and still remains as an open issue. If the mecha-
nism could be firmly established, the materials design for
higher Tc would greatly accelerate. In this respect, first-
principles calculations of the electronic structure based
on faithful experimental conditions and the quantitative
reproduction of the experimental results together are a
crucial first step, for the predictive power for real mate-
rials in the next step.
From the early stage after the discovery of the cuprate
superconductors, the electronic structures have been
studied based on the conventional local density approxi-
mation of the density functional approach6–8. However,
the cuprate superconductors belong to typical strongly
correlated electron systems9, which makes the conven-
tional approach by the density functional theory (DFT)
questionable.
Theoretical studies postulating strong electron correla-
tions have been pursued to capture the mechanism of the
superconductivity more or less independently of the first
principles approaches. Those start from the Hubbard-
type effective models or other simple strong coupling ef-
fective Hamiltonians with diverse and sometimes contra-
dicting views spreading from weak coupling scenario such
as spin fluctuation theory to strong coupling limit assum-
ing the local Coulomb repulsion as the largest parame-
ter. Although rich concepts have emerged from diverse
studies emphasizing different aspects of the electron cor-
relation, the relevance and mechanism working in the
real materials are largely open. This screwed up front
urges the first-principles study that allows quantitative
and accurate treatments of strong electron correlations
without adjustable parameters. The significance of ab
initio studies is particularly true for strongly correlated
systems in general, because they are subject to strong
competitions among various orders and a posteriori the-
ory with adjustable parameters does not have predictive
power. There exists earlier attempts to extract parame-
ters of effective Hamiltonians from the density functional
theory10.
To make a systematic approach possible along this
line, multi-scale ab initio scheme for correlated electrons
(MACE) has been pursued and developed11. MACE has
2succeeded in reproducing the phase diagram of the iron
based superconductors basically on a quantitative level
without adjustable parameters, particularly for the emer-
gence of the superconductivity and antiferromagnetism
separated by electronic inhomogeneity12,13. This is based
on the solution of an ab initio effective Hamiltonian14 for
the five iron 3d orbitals derived from the combination of
the density functional theory (DFT) calculations and the
constrained random phase approximation (cRPA)15.
In this paper, we apply essentially the same scheme
to derive the ab initio effective Hamiltonian for two ex-
amples of the mother materials of the cuprate supercon-
ductors, La2CuO4 and HgBa2CuO4 and compare their
differences. One aim of the present work is to under-
stand distinctions of the two compounds which show con-
trasted maximum critical temperature at optimum hole
doping (40K for La2CuO4 and 90K for HgBa2CuO4).
The present study also serves as a platform and spring-
board to future studies to solve the ab initio effective
Hamiltonians derived here by accurate solvers.
In the present application of the MACE, we employ
more refined scheme16–18 by replacing the cRPA with
the constrained GW (cGW) approximation to remove
the double counting of the correlation effects in the pro-
cedure of solving the effective Hamiltonian on top of the
exchange correlation energy in the DFT that already in-
completely takes into account the electron correlation.
In the cGW scheme, effects from the exchange corre-
lation energy contained in the initial DFT band struc-
ture is completely removed and replaced by the GW self-
energy, which takes into account only the contribution
from the Green’s function in the Hilbert space outside
of the low-energy effective Hamiltonian. The main part
of the correlation effects arising from the low-energy de-
grees of freedom is completely ignored at this stage and
will be considered when one solves the low-energy effec-
tive Hamiltonian beyond LDA and GW.
Our scheme is supplemented by the self-interaction
correction (SIC) to remove the double counting in the
Hartree term, (or in other words, to recover the cancel-
lation of the self-interaction between that contained in
the Hartree term and that in the exchange correlation
held in the LDA, but violated when only the exchange
correlation is subtracted).
We derive three effective Hamiltonians for La2CuO4
and HgBa2CuO4 by using the cGW scheme supple-
mented by SIC. These ab initio effective Hamiltonians
extract sub-Hilbert spaces expanded by combinations of
Cu 3d x2−y2, Cu 3d 3z2−r2, and O 2pσ orbitals(, which
is schematically illustrated in Fig. 1) The present down-
folding scheme to derive these Hamiltonians consists of
two steps: First, a 17-band effective Hamiltonian is de-
rived. Then, the three effective low-energy Hamiltonians
are derived from the 17-band Hamiltonian hierachically.
Here, the three effective Hamiltonians are an one-band
Hamiltonian for the antibonding orbital generated from
hybridized Cu 3d x2 − y2 and O 2pσ orbitals, a two-
band Hamiltonian constructed from the antibonding or-
FIG. 1. (Color online) Schematic energy levels of orbitals
constituting three effective Hamiltonians.
bital and Cu 3d 3z2 − r2 orbital hybridized mainly with
the apex oxygen pz orbital, a three-band Hamiltonian
consisting mainly of Cu 3d x2 − y2 orbitals and two O
2pσ orbitals. A summary of the obtained important ma-
trix elements of the three effective Hamiltonians in the
present work is listed in Table I. There are two important
energy scales in the one-body part of the derived effec-
tive Hamiltonians, in addition to the differece in effective
Coulomb repulsion: Energy difference between the oxy-
gen 2pσ orbitals and the copper 3d x
2 − y2 orbital (∆dp
in Fig. 1) and energy difference between the antibond-
ing band of Cu 3d x2 − y2 and O 2pσ orbitals, and the
Cu 3d 3z2 − r2 orbital hybridized mainly with the apex
oxygen pz orbital (∆E in Fig. 1). When we successfully
derive the Hamiltonians, it does not necessarily mean
that the solutions of the Hamiltonians should appropri-
ately describe the experimental results of the cuprate su-
perconductors. Instead, our Hamiltonians offer ways of
understanding the validities of one-, two- and three-band
Hamiltonians, and what the minimum effective Hamilto-
nians for the curates should be, for describing physics of
the cuprates, which is still under extensive debate.
In the present paper, we restrict the effective Hamilto-
nians into the standard form containing the kinetic and
two-body interaction terms and ignore the multiparti-
cle effective interactions more than the two-body terms.
This MACE scheme is based on the characteristic fea-
ture of strongly correlated electron systems, where the
high-energy and low-energy degrees are well separated
and the partial trace out of the high-energy degrees of
3freedom can successfully be performed in perturbative
ways as in the cRPA and cGW scheme11,18. In this per-
turbation expansion, the multiparticle effective interac-
tions rather than the two-body terms are the higher order
terms. Therefore, we ignore them in the same spirit with
the cGW.
In Sec. II we describe the basic method. The three ef-
fective Hamiltonians for HgBa2CuO4 are derived in Sec.
III.A and those for La2CuO4 are given in Sec.III.B. Sec-
tion IV is devoted to discussions and we summarize the
paper in Sec. V.
II. METHOD
A. Outline
1. Goal: Low-energy effective Hamiltonian
Our goal of low-energy effective Hamiltonians for
copper-oxide superconductors based on the cGW and SIC
have the form
HcGW-SICeff =
∑
ij
∑
ℓ1ℓ2σ
tcGW-SICℓ1ℓ2σ (Ri −Rj)d
†
iℓ1σ
djℓ2σ
+
1
2
∑
i1i2i3i4
∑
klmnσηρτ
{
W rℓ1ℓ2ℓ3ℓ4σηρτ (Ri1 ,Ri2 ,Ri3 ,Ri4)
d†i1ℓ1σdi2ℓ2ηd
†
i3ℓ3ρ
di4ℓ4τ
}
. (1)
Here, the single particle term is represented by
tcGW-SICℓ1ℓ2σ (R) = 〈φℓ10|H
cGW-SIC
K |φℓ2R〉, (2)
and the interaction term is given by
W rℓ1ℓ2ℓ3ℓ4σηρτ (Ri1 ,Ri2 ,Ri3 ,Ri4)
= 〈φℓ1Ri1φℓ2Ri2 |H
cGW-SIC
W r |φℓ3Ri3φℓ4Ri4 〉, (3)
where HcGW-SIC = HcGW-SICK +H
cGW-SIC
W r is the Hamil-
tonian in the continuum space obtained after the cGW
and SIC treatments to the Kohn Sham (KS) Hamilto-
nian. tcGW-SIC represents transfer integral of the maxi-
mally localized Wannier functions (MLWF’s)19,20 based
on the cGW approximation supplemented by the SIC.
Here, φℓR is the MLWF of the ℓth orbital localized at
the unit cell R. We will show details of the cGW-SIC
later. Here, d†iℓσ (diℓσ) is a creation (annihilation) opera-
tor of an electron with spin σ in the ℓth MLWF centered
at Ri.
The dominant part of the screened interaction W r has
the form
Uℓ1ℓ2σρ(Ri −Rj) = W
r
ℓ1ℓ1ℓ2ℓ2σσρρ
(Ri,Ri,Rj ,Rj) (4)
for the diagonal interaction including the onsite in-
traorbital term Uℓ = Uℓℓσ−σ(Ri − Rj = 0) and
the spin-independent onsite interorbital terms U ′ℓ1ℓ2 =
Uℓ1ℓ2σρ(Ri − Rj = 0) (for ℓ1 6= ℓ2) as well as spin-
independent intersite terms Vijℓ1ℓ2 = Uℓ1ℓ2σρ(Ri −Rj),
where we assume the translational invariance. In addi-
tion, the exchange terms
Jℓ1ℓ2σρ(Ri −Rj) = W
r
ℓ1ℓ1ℓ2ℓ2σρρσ
(Ri,Ri,Rj ,Rj)
= W rℓ1ℓ2ℓ1ℓ2σρρσ(Ri,Rj ,Ri,Rj) (5)
have nonnegligible contributions, particularly for the on-
site tems whereRi = Rj . Other off-diagonal terms are in
general smaller than 50 meV in our result of the cuprate
superconductors and mostly negligible.
2. Basic downfolding scheme
We start from the conventional local density approx-
imation (LDA) for the global band structure, which is
justified because strong correlation effects and quan-
tum fluctuations far from the Fermi level are weak.
For the central part near the Fermi level, we consider
later beyond LDA. Our LDA calculation is based on the
full potential linearized muffin tin orbital (FP-LMTO)
method21.
To remove the double counting of the Coulomb ex-
change contributions, we completely subtract the ex-
change correlation contained in the LDA calculation and
replace it with the cGW calculation, where the self-
energy effects are taken into account only for those con-
taining the contribution from outside of the target low-
energy effective Hamiltonian, because the self-energy in
the effective Hamiltonian will be considered later by more
refined methods beyond GW.
More specifically, since we derive three effective Hamil-
tonians, we employ two steps for an efficient derivation.
First we derive the effective Hamiltonians for 17 bands
near the Fermi level whose main components are from 5
Cu 3d orbitals, and 3 oxygen 2pσ orbitals at 2 O atoms
each in the CuO2 plane and at 2 other out-of-plane O
atoms each above and below Cu in a unit cell. In fact,
the 17 bands near the Fermi level are relatively well sep-
arated from other high-energy bands (namely, bands far
from the Fermi level) and the 17 bands Hamiltonians of-
fer a good base for the next step. Then thanks to the
chain rule11,15, we derive three different types of effec-
tive Hamiltonians successively from the 17-band effec-
tive Hamiltonian. We abbreviate the electronic degrees
of freedom outside the 17 bands as H and those of 17
bands M which excludes the final target space L for the
low-energy effective Hamiltonian. We also employ the
abbreviation N for the electronic degrees of freedom con-
sisting of both of L and M. The hierarchical structure
described above is shown in Fig. 3
– From full Hilbert space to 17-band subspace –
Let us first describe the first cGW scheme16,18 to derive
the 17-band effective Hamiltonian for N near the Fermi
level. After removing the exchange correlation potential
contained in the LDA calculation, we first perform the
4FIG. 2. (Color online) Hierarchical structure in the proce-
dure of the downfolding. The black dashed bands H in the
high energy part are first downfolded to the renormalized 17
bands described by N. Then the M bands (blue thin bands)
among N are eliminated and renormalized into the final low-
energy effective Hamiltonian constructed from L (red thick
bands). Here, an example of the procedure to derive a one-
band Hamiltonian is shown.
full GW calculation for the 17 bands. This GW scheme
allows to completely remove the double counting of the
correlation effect arising from the exchange correlation
energy in LDA. Here, the full GW calculation is defined
as that takes into account the self-energy effect calcu-
lated using the fully screened interaction W including
the screening by electrons in all the bands. The reason
why we use the full GW is based on the spirit that the
screening from the 17 bands taken into account later on
are better counted by using its renormalized level.
In the present work, except La 4f band in La2CuO4,
we retain the LDA dispersion for the bands other than
the 17 bands, because their renormalization have few ef-
fects on the final low-energy effective Hamiltonian. For
La 4f band in La2CuO4, it is known that the LDA calcu-
lation qualitatively fails in counting its correlation effects
and the insulating nature6–8, which is also related to the
fact that the LDA incorrectly gives the level too close
to the Fermi level22. Then we first perform the one-shot
GW calculation for the La 4f band before the full GW
calculation for the 17 bands.
We then perform the cGW calculation for the 17 bands,
where the self-energy is calculated from the full GW
Green’s function G(GW) for the 17 bands and the LDA
Green’s function for the other high-energy bands. After
disentanglement between the H and N bands by the con-
ventional method23, we assume that the non-interacting
Green’s function G(GW) is block-diagonal and can be de-
composed into
G(GW) = G
(GW)
ll |L〉〈L|+G
(GW)
mm |M〉〈M |
+ G
(LDA)
hh |H〉〈H | (6)
where |H〉, |M〉 and |L〉 represent the respective sub-
spaces. We use the notation Gab = −〈Tca(τ)c
†
b〉, where
a, b denote elements either h,m or l. Here, h, m and l
represent bands belonging to H, M and L degrees of free-
dom, respectively. We also introduce Wabcd for the coef-
ficient of the interaction term c†acbc
†
ccd. We calculate the
partially screened Coulomb interactionWN that contains
only the screening contributed from the H space16,18.
Then with the notation |N〉 (n) for the subspace con-
taining |L〉 and |M〉 (l and m) together, the constrained
self-energy at this stage, ΣH is described from the full
GW self-energy
Σ = Σnn +ΣnhGhhΣhn, (7)
where
Σnh(q, ω) = [G
(GW)
nn Wnnnh](q, ω)
+ G
(LDA)
hh Wnhhh(q, ω) (8)
Σnn(q, ω) = [G
(GW)
nn Wnnnn](q, ω)
+ [G
(LDA)
hh Wnhhn](q, ω) (9)
as
ΣHnn′(q, ω) = Σnn′(q, ω)
−
∑
n1,n2
[G(GW)n1n2 Wnn1n2n′ ](q, ω). (10)
In Eqs.(8) and (9), the right hand side terms are the only
nonzero terms because G is assumed that it does not have
off-diagonal element between N and H. The off-diagonal
part can be ignored because they are higher-order terms
in the GW scheme (see also the reason for ignoring the
off-diagonal part)18. Here the notation [GW ](q, ω) rep-
resents the convolution
[GW ](q, ω) =
∫
dω′dq′G(q′, ω′)W (q + q′, ω + ω′).(11)
In the present study, we neglect the second term in the
right hand side of Eq.(7) because it is small higher-order
term. The first term in Eq.(9) is excluded to avoid double
counting because this is the term to be considered in the
low-energy solver.
If one wishes to construct a low-energy Hamilto-
nian by reducing to the static effective interaction,
this constrained self-energy ΣH(q, ω) is supplemented by
the constrained self-energy ΣdynH (q, ω) arising from the
frequency-dependent part of the screened interaction16–18
described by
ΣdynH = G
(GW)
nn W
dyn
N . (12)
Here, W dynN is defined by
W dynN (q, ω) ≡W (q, ω)−WN(q, ω), (13)
where W is the fully screened interaction in the RPA
level as
W (q, ω) =
v(q)
1− P (q, ω)v(q)
. (14)
5WN(q, ω) is the “fully screened interaction” within the N
space;
WN(q, ω) =
WH(q, ω = 0)
1− PN(q, ω)WH(q, ω = 0)
, (15)
(If one solves the frequency dependent effective interac-
tion as it is in the Lagrangian form, this procedure is not
necessary.) Here, WH is the partially screened interac-
tion obtained from the cRPA in the spirit of excluding
the polarization within the 17 bands. Namely,
WH(q, ω) =
v(q)
1− PH(q, ω)v(q)
, (16)
where the wave-number (q) dependent bare Coulomb in-
teraction v is partially screened by the partial polariza-
tion PH. Here, PH is defined in terms of the total po-
larization P by excluding the intra-N-space polarization
PN: PH ≡ P − PN. PN involves only screening processes
within the N-space. Namely, in the cRPA, the polariza-
tion without low-energy N-N transition PH are estimated
as,
−PH = iGG− iGNGN = iGNGH + iGHGN + iGHGH,
(17)
where the whole Green’s function G is given by the sum
of the low- and high-energy propagators estimated by
the GW for GN and by the LDA for GH, respectively.
Then in Eq.(15), WH(q, ω = 0) plays the role of “bare
interaction” within the N space. Eventually, W dynN is the
frequency-dependent part of the interaction that would
be missing if the 17-band N part were solved within the
GW approximation. (See the horizontal-stripped area in
Fig. 3, see also Fig.1 in Ref. 18).
Here, we note that, instead of the dynamical partW dynN
in Eq. (13), we could take WH(q, ω)−WH(q, ω = 0) as a
naive choice of the dynamical part, which is depicted as
the vertical-stripped area. However, Eq. (13) is expected
to express the dynamical part more accurately because
Eq. (13) takes into account the RPA level fluctuations
(though not perfect) beyond WH(q, ω) −WH(q, ω = 0).
First, we note that the interaction part of effective Hamil-
tonians we derive must be expressed in the form of
screened but static Coulomb interactions. Therefore,
the dynamical part of the Coulomb interactions due to
the screening from the high-energy degrees of freedom
is taken into account as the self-energy correction. Now,
W is the fully screened dynamical interaction in the RPA
level and WN is the screened interaction if the effective
Hamiltonian with the static interaction WH(q, ω = 0)
would be solved in the same RPA level. Then, the dif-
ference between W and WN, which is nothing but W
dyn
N ,
is the part we ignore when we solve the effective Hamil-
tonian with with the static interaction WH(q, ω = 0) by
the RPA. Therefore, W dynN should be taken into account
as the self-energy correction in the present downfoldin
scheme.]
FIG. 3. (Color online) Schematic frequency dependence of ef-
fective interaction screened from bare interaction v. Other in-
teractions are obtained from full RPA (GW) (W ), cRPA (WH)
and screened interaction by RPA (WN) within low-energy ef-
fective Hamiltonian at the effective interaction WH(ω = 0).
The vertical stripped area represents the dynamical part of
cRPA-screened interaction WH, which is not contained in the
effective Hamiltonian with the static interaction WH(ω = 0).
This part requires additional treatments. Instead of the
vertical-stripped area, the horizontal-stripped area, W −WN
(Eq.(13)), can be regarded as a better choice for the dynam-
ical part to be treated additionally (see the text).
Thus, the constrained renormalized Green’s function
for the 17-band effective Hamiltonian is described by
GN(ω) =
I
ωI − (HLDA − V xc +ΣH +Σ
dyn
H )
≈
ZH(ǫ
GW)
ωI − (HLDA + ZcGWH (ǫ
GW)(−V xc + (ΣH +Σ
dyn
H )(ǫ
GW)))
,
≈
I
ωI − ZcGWH (0)(H
LDA − V xc +Re(ΣH +Σ
dyn
H )(0))
, (18)
ZcGWH (ǫ) =
{
I −
∂(ReΣH +ReΣ
dyn
H )
∂ω
∣∣∣
ω=ǫ
}−1
, (19)
where we have suppressed writing the explicit wavenum-
ber and orbital dependence and ǫGW is the band energy
by the GW calculation. Then the one-body part of the
static effective Hamiltonian for the 17 bands in the cGW
is given by16
HcGWNK =
∑
n1n2
H˜cGWNKn1n2
H˜cGWNKn1n2 =
∑
q
ZcGWHn1n2(q, ǫ = 0)H
cGW-H
NK (q) (20)
H˜cGW-HNKn1n2(q) = H
LDA
n (q)δn1n2 − V
xcn1n2(q)
+Re(ΣHn1n2 +Σ
dyn
Hn1n2
)(q, ω = 0),(21)
which is represented by the first quantization form in the
continuum space.
6The effective interactions for the 17 bands have also
been calculated by using cRPA11,15, where effects of po-
larization contributing from the other bands are taken
into account as a partially screened interaction. The par-
tially screened Coulomb interaction for the 17 bands is
given by
WNn1n2n3n4σηρτ (Ri1 ,Ri2 ,Ri3 ,Ri4)
= 〈φNn1Ri1φ
N
n2Ri2
|WN(ω =∞)|φ
N
n3Ri3
φNn4Ri4 〉, (22)
where φNnR represents the MLWF for the 17 bands (the
orbital index n runs from 1 to 17). Note thatWN(ω =∞)
is nothing but WH(ω = 0)(see Fig. 3).
Then the 17-band cGW effective Hamiltonian for the
lattice fermions in the second-quantized Wannier orbitals
representation is given by
HcGWN = H
cGW
NK +H
cGW
NW (23)
HcGWNK =
∑
ij
∑
n1n2σ
tcGWNn1n2σ(Ri −Rj)d
†
in1σ
djn2σ (24)
HcGWNW =
1
2
∑
i1i2i3i4
∑
n1n2n3n4σηρτ
{
WNn1n2n3n4σηρτ (Ri1 ,Ri2 ,Ri3 ,Ri4)
d†i1n1σdi2n2ηd
†
i3n3ρ
di4n4τ
}
. (25)
Here, the single particle term is represented by
tcGWNn1n2σ(R) = 〈φn10|H
cGW
NKn1n2 |φn2R〉, (26)
In addition, we supplement in the single-particle term,
the self-interaction correction (SIC) to recover the cancel-
lation realized in LDA. Since we subtracted the exchange
correlation energy, the cancellation with the counterpart
of the Hartree term becomes violated. To recover the can-
cellation, we impose the correction following Ref.16. The
SIC in the 17-band degrees of freedom is Uon-siteNn nNnGW/2
where Uon-siteNn = WNnnnnσσ−σ−σ(R,R,R,R) is the on-
site effective interaction for the band n and nNnGW is the
occupation number of the n-th band for the 17 bands in-
cluding up and down spins in the GW calculation. Then
the cGW-SIC effective Hamiltonian for the 17 bands is
given by
HcGW-SICN = H
cGW-SIC
NK +H
cGW
NW (27)
HcGW-SICNK = H
cGW
NK
−
∑
inσ
ZcGWHn (q = ω = 0)U
on-site
n
d†inσdinσ
2
(28)
The renormalization factor ZcGWHn is needed to renormal-
ize the frequency-dependent part of the interaction into
a static effective Hamiltonian16.
An advantage of the MACE downfolding scheme in the
procedure of deriving low-energy effective Hamiltonian is
that the degrees of freedom retained in the low-energy ef-
fective Hamiltonians for the electrons near the Fermi level
(electrons in the target bands) can be reduced progres-
sively from the effective Hamiltonian containing larger
number of bands to smaller, thanks to the chain rule of
the cRPA in a controlled manner11.
By using this sequential downfolding scheme, we derive
three types of effective Hamiltonians from the 17-bands
effective Hamiltonians for the two compounds. The three
types are for the electrons mainly originated from
1) the antibonding orbital generated from Cu 3d x2 − y2
orbitals strongly hybridized with O 2pσ orbitals (one-
band effective Hamiltonian)
2) the antibonding orbital in 1) together with Cu 3d
3z2 − r2 orbital hybridized with the apex oxygen pz or-
bital (two-band effective Hamiltonian)
3) Cu 3d x2− y2 orbitals and two O 2pσ orbitals aligned
in the direction to Cu (three-band effective Hamiltonian).
The degrees of freedom (bands) contained in these final
Hamiltonians are called the target degrees of freedom
(target bands). Although it is possible to derive Hamil-
tonians consisting of more than three bands such as four-
or six-orbital Hamiltonians, additional orbitals are fully
occupied even after the correlation effects are taken into
account and expected to play minor role in the low-energy
physics. Thus, we mainly consider the above three types
of low-energy effective Hamiltonians.
– From 17-band subspace to low-energy effective Hamil-
tonians –
After restricting the Hilbert space to the 17-band Hamil-
tonian, we again employ the cGW scheme16,18,24 that
additionally accounts for the self-energy within the 17-
band Hilbert space. However, we exclude that arising
solely from the target bands to remove the double count-
ing because it will be counted when the effective Hamil-
tonian is solved afterwards. In this cGW scheme, the
energy levels of the 17 bands are given from the for-
mer cGW level given in Eq.(24) as the starting point.
Through the cGW scheme, the fully screened interaction
is again employed in the calculation of the self-energy.
The constrained self-energy of the target band is further
improved by considering the renormalization effect from
the frequency dependent part of the effective interaction
based on the cGW scheme in the same way as before16,18.
This two-step procedure is equivalent to the single pro-
cedure to directly derive the three Hamiltonian. In this
second step, we restrict the electronic Hilbert space into
the N space. Then one simply needs to replace H with
M, N with L and v with WH(ω = 0) in the procedure
from Eq.(7) to (16)(In Fig.3, v,WH and WN should be
replaced with WH(ω = 0),WM and WL, respectively.)
More concretely, the low-energy Hamiltonian includes
the self-energy effects from the M degrees of freedom sim-
ilarly to Eq.(21) as
HcGWLK =
∑
l1l2
H˜cGWLKl1l2
H˜cGWLKl1l2 =
∑
q
ZcGWHMl1l2(q, ǫ = 0)
×(H˜cGW-HNKl1l2 (q)+Re(ΣMl1l2 +Σ
dyn
Ml1l2
)(q, ω = 0)), (29)
where ΣMl1l2 is the constrained self-energy that excludes
7that arising from the L degrees of freedom. Namely, we
utilize
ΣNl1l2 = Σl1l2 +
∑
m1,m2
Σl1m1Gm1m2Σm2l2 , (30)
with
Σlm(q, ω) =
∑
l1l2
[G
(GW)
l1l2
Wll1l2m](q, ω)
+
∑
m1m2
[G(GW)m1m2Wlm1m2m](q, ω) (31)
Σll(q, ω) =
∑
l1l2
[G
(GW)
l1l2
Wll1l2l](q, ω)
+
∑
m1m2
[G(GW)m1m2Wlm1m2l](q, ω), (32)
where l in Σll of Eq.(32) represents inclusive terms con-
taining the off-diagonal elements within the L space as in
Eqs.(7), (8) and (9). Then, in contrast to Eq.(7), we take
into account the second term in Eq. (30) but similarly
exclude the first term in Eq.(32). Then ΣMll′ is given by
ΣMll′(q, ω) = ΣNll′ (q, ω)−
∑
l1l2
[G
(GW)
l1l2
Wll1l2l′ ](q, ω),
(33)
The renormalization factor in Eq.(29) is given by
ZcGWHM (ǫ)
=
{
I −
∂(ReΣH +ReΣ
dyn
H +ReΣM +ReΣ
dyn
M )
∂ω
∣∣∣
ω=ǫ
}−1
.(34)
In the same way as Eqs. (12) and (13), we use the
following relations:
ΣdynM = G
(GW)
ll W
dyn
L . (35)
Here, W dynL is defined by
W dynL (q, ω) ≡WN(q, ω)−WL(q, ω). (36)
(See the horizontal-stripped area Fig.4).
The single-particle term is then
HcGWLK =
∑
ij
∑
l1l2σ
tcGWLl1l2σ(Ri −Rj)d
†
il1σ
djl2σ, (37)
where by using Eq.(29),
tcGWLl1l2σ(R) = 〈φ
L
l10
|HcGWLK |φ
L
l2R
〉, (38)
has the form in Eq.(2).
We also consider the self-interaction correction as
HcGW-SICLK = H
cGW
LK −
∑
ilσ
ZcGWHMl (q = ǫ = 0)
× Uon-sitel
d†ilσdilσ
2
(39)
The renormalization factor ZcGWHMl is again needed to
renormalize the frequency-dependent part of the in-
teraction into a static effective Hamiltonian16. Here,
FIG. 4. (Color online) Schematic frequency dependence of
effective interaction screened within the 17 band. Within the
17 bands,WH(ω = 0) plays the role of the bare interaction and
other interactions are obtained from full RPA (GW) (WN),
cRPA (WM) and screened interaction by RPA (WL) within
low-energy effective Hamiltonian at the effective interaction
WM(ω = 0). The vertical and horizontal stripped area have
similar meanings to those in Fig. 3
Uon-siteLl = WLllllσσ−σ−σ(R,R,R,R) is the on-site effec-
tive interaction for the band l.
For the interaction parameter of the target effective
Hamiltonian WLl1l2l3l4σηρτ (Ri1 ,Ri2 ,Ri3 ,Ri4), we apply
the cRPA again now within the 17 band Hamiltonian.
Our task here is the procedure similar to that from
Eqs.(14) to (16), but replace H and N with M and L, re-
spectively, where L represents the target bands. Thanks
to the chain rule, this derivation of the effective interac-
tion looks the same as the direct single step cRPA for
the whole bands. However, since the energy levels are
replaced with the full GW energy levels within the 17
bands, the effective interaction is more refined by taking
into account the self-energy effect for the 17 bands.
Then
WM(q, ω) =
WH(q, ω = 0)
1− PM(q, ω)WH(q, ω = 0)
, (40)
WL(q, ω) =
WM(q, ω = 0)
1− PL(q, ω)WM(q, ω = 0)
, (41)
are satisfied within the N Hilbert space.
Now the goal of our low-energy cGW effective Hamil-
tonian is given by
HcGW-SICL = H
cGW-SIC
LK +H
cGW
LW (42)
HcGWLW =
1
2
∑
i1i2i3i4
∑
l1l2l3l4σηρτ
{
W rl1l2l3l4σηρτ (Ri1 ,Ri2 ,Ri3 ,Ri4)
d†i1l1σdi2l2ηd
†
i3l3ρ
di4l4τ
}
, (43)
where the single particle term HcGW-SICLK is given by
Eqs.(37) and (39) in the form Eq.(2) and the interaction
8term has the form (3) given by
W rl1l2l3l4σηρτ (Ri1 ,Ri2 ,Ri3 ,Ri4)
= 〈φl1Ri1φl2Ri2 |WL(ω =∞)|φl3Ri3φl4Ri4 〉 (44)
If one wishes to solve the low-energy Hamiltonian by
the dynamical mean-field approximation, the nonlocal
part of the interaction is hardly taken into account. The
readers are referred to Ref.18 for ways of renormalizing
the nonlocal interaction for this purpose.
Now we reached the effective Hamiltonian (42) in the
form of Eq.(1). This offers effective Hamiltonians for the
L degrees of freedom to be solved by solvers beyond the
DFT and GW schemes.
B. Computational Conditions
For the crystallographic parameters, we employ the ex-
perimental results reported by Ref. 25 for HgBa2CuO4
and those reported by Ref. 26 for La2CuO4. For the Hg
compound we take a = 3.8782A˚and c = 9.5073A˚. The
height of Ba atom measured from CuO2 plane is 0.2021c
and the apex oxygen height is 0.2940c The lattice con-
stants we used for the La compounds are a = 3.7817A˚and
c = 13.2487A˚, while La and apex oxygen heights mea-
sured from the CuO2 plane are 0.3607c and 0.1824c,
respectively. Other atomic coordinates are determined
from the crystal symmetry.
Computational conditions are as follows. The band
structure calculation is based on the full-potential LMTO
implementation27. The exchange correlation functional
is obtained by the local density approximation of the
Cepeley-Alder type28) and spin-polarization is neglected.
The self-consistent LDA calculation is done for the 12 ×
12 × 12 k-mesh. The muffintin (MT) radii are as fol-
lows: RMTHg(HgBa2CuO4) = 2.6 bohr, R
MT
Ba(HgBa2CuO4) = 3.6
bohr, RMTCu(HgBa2CuO4) = 2.15 bohr, R
MT
O1(HgBa2CuO4) =
1.50 bohr (in CuO2 plane), R
MT
O2(HgBa2CuO4) = 1.10 bohr
(others), RMTLa(La2CuO4) = 2.88 bohr, R
MT
Cu(La2CuO4) =
2.09 bohr, RMTO1(La2CuO4) = 1.40 bohr (in CuO2 plane),
RMTO2(La2CuO4) = 1.60 bohr (others). The angular mo-
mentum cutoff is taken at l = 4 for all the sites.
The cRPA and GW calculations use a mixed basis con-
sisting of products of two atomic orbitals and interstitial
plane waves29. In the cRPA and GW calculation, the 6
× 6 × 3 k-mesh is employed for the Hg compound and
the 6 × 6 × 4 k-mesh is employed for the La compound.
By comparing the calculations with the smaller k-mesh,
we checked that these conditions give well converged re-
sults. For the Hg/La compound, we include bands in
[−26.4: 122.7] eV (193 bands)/[−67.6: 126.6] eV (134
bands) for calculation of the screened interaction and the
self-energy. For entangled bands, we disentangle the tar-
get bands from the global KS-bands23.
III. RESULT
A. HgBa2CuO4
Band structures of HgBa2CuO4 obtained by the DFT
calculations are shown in Fig. 5. The 17 bands originat-
ing from the Cu 3d and O 2p orbitals exist near the Fermi
level as shown in Fig. 6. The octahedral crystal field of
the O atoms splits the energy of the Cu 3d orbital into
lower t2g and slightly split eg. Since the electronegativity
of Cu is relatively large, the Cu eg orbitals form strong σ
covalent bonds with the O 2p. The bottom/top of the 17
bands at the X point is the σ bonding/anti-bonding state
between the Cu x2−y2 orbital and the O 2p orbital. The
s-bands originating from Hg and Ba exist above the 17
bands and are partially hybridized with the Cu x2 − y2
anti-bonding band around the X point.
In order to improve the band structure from the LDA,
we construct the 17 Wannier functions from the 20 bands
near the Fermi level (17 bands originating from the Cu
3d the O 2p orbitals and unoccupied lowest 3 bands) and
perform the GW calculation for the 17 bands near the
Fermi level. The Fermi level for the 17 bands is defined
by the occupation number. Bands other than the 17
bands are diagonalized again23. Since the hybridization
between the s band and the 17 bands is somewhat large,
we set the inner window for the Wannier function from
the bottom of the 17 bands to the Fermi level. If inner
window is not set, a large Fermi surface originating from
the s orbitals appears. Due to self-energy correction of
the GWA, the difference between on-site potentials of
the Cu 3d orbitals and the O 2p orbitals with different
localization strengths increases and the bandwidth of the
whole 17 band becomes larger. Such a change in the band
structure reduces the screening effect. Moreover, each
bandwidth shrinks by self energy correction. These two
effects, both the reduction of the screening effect and the
shrinkage of the band width, make the correlation of the
system stronger. Below we will discuss the derivations of
three types of effective Hamiltonians, two-band effective
Hamiltonian originating from the eg orbitals, one-band
effective Hamiltonian originating from the Cu x2 − y2
orbital, and three-band effective Hamiltonian originating
from the Cu x2 − y2 orbital and the two O 2p orbitals.
Recent self-consistent GW calculation30 indicates nar-
rower bands than the present GW results, because of
better consideration of the correlation effect, while the
present study aims at much better framework by quali-
tatively improving the treatment of the strong correlation
effect by leaving it for low-energy solvers.
1. two-band Hamiltonian
To obtain the two-band effective Hamiltonian originat-
ing from the Cu eg orbitals, we construct the maximally
localized Wanneir functions disentangled from the other
17 bands. Ignoring the effect of hybridization whose en-
9FIG. 5. (Color online) Electronic band structures of
HgBa2CuO4 obtained by the LDA. The zero energy corre-
sponds to the Fermi level.
FIG. 6. (Color online) Electronic band structures of
HgBa2CuO4 obtained by the GWA (red solid line). Self-
energy is calculated only for the 17 bands originating from
the Fe 3d and O 2p orbitals near the Fermi level. The zero
energy corresponds to the Fermi level. For comparison, the
LDA band structure is also given (black dotted line).
ergy scale is smaller than that of effective interaction of
the x2 − y2 anti-bonding orbital, we set the energy win-
dow for Wannier function as wide as possible (excluding
bottom 3 bands compared to the case in the GWA for 17
bands). The three bands contain those mainly originat-
ing from the bonding and nonbonding orbitals resulted
from the Cu x2 − y2 and in-plane O 2pσ orbitals. By ex-
cluding the three bands, we are able to construct with the
correct character of the antibonding band. The param-
eters of the main x2 − y2 orbital are highly insensitive
to the window width. Effective interaction changes by
less than 5 % even when we change the number of bands
in the window by two or three. On the other hand, al-
though the parameters of the 3z2 − r2 orbital change by
the definition of the window, as will be described later,
the screening effect from the 3z2−r2 orbital to the x2−y2
orbital is very small and the parameters for the x2 − y2
orbital change only little between different choices of the
windows. Examples of Wannier functions of the two-
band Hamiltonian is shown in Fig. 7(a) and (b) and their
spreads are listed in Supplementary Material31.
As an alternative choice for the two-band Hamiltonian,
one can exclude the bonding orbital generated from the
hybridization of the 3z2 − r2 and the apex oxygen 2pz
orbitals to constitute one of the two bands explicitly by
the antibonding orbital constructed from the Cu 3z2−r2
and the apex oxygen 2pz orbitals. For this choice, we
exclude lowest 6 bands among 17 bands for construct-
ing the Wannier orbitals so that the bonding orbital is
excluded. This generates substantially smaller interac-
tions for the 3z2−r2 band. The resultant parameters are
listed in Appendices A. We show it only for the La com-
pound because of the following reason: The two choices of
the two-band Hamiltonian may not lead to an apprecia-
ble difference in the final result because the contribution
from the 3z2 − r2 band is limited in the Hg compound
but for the La compound, it is a subtle issue as we dis-
cuss in Sec.IVA. In principle, the final solution for the
physical properties is expected to be insensitive to the
two choices.
Band structure originating from the Wannier function
is shown in Fig. 8. Upper band around the Fermi level
originates from the x2 − y2 orbital, and the lower band
originates from the 3z2 − r2 orbital. The x2 − y2 or-
bital extending in the CuO2 plane has a large bandwidth,
while the 3z2 − r2 orbital has a flat band structure.
The one-body parameters obtained as expectation val-
ues in the GWA is shown in Table II. Note that the signs
of the transfers for crystallographically equivalent pairs
are determined from the signs of orbitals in the conven-
tion shown in Fig. 13. The difference of the on-site po-
tential between the eg orbitals is 5.0 eV. The position of
apex oxygen varies depending on the type of the block
layer. In the Hg system, it makes the crystal field split-
ting of the eg orbits large. The nearest neighbor hopping
of the x2 − y2 orbital is -0.43 eV, and the next-nearest
neighbor hopping is 0.10 eV. Since the x2−y2 orbital ex-
tends to the (100) and (010) directions, the third neigh-
bor hopping is somewhat large (−0.05 eV). All of the
hoppings of the 3z2 − r2 orbital are small. One of the
most important consequences expected from the param-
eters of the two-band Hamiltonian is that the screening
effect from the 3z2 − r2 orbital to the x2 − y2 orbital
would be very small. The nearest neighbor hopping be-
tween the different eg orbitals is as small as 0.08 eV. In
addition, both on-site and next-nearest neighbor hopping
are exactly 0 from the symmetry reason. Moreover, as
mentioned above, the difference in the on-site potential
between the eg orbitals is not small, so the polarization
between the eg orbitals is very small. Then the occu-
pation number of the 3z2 − r2/x2 − y2 orbital is nearly
full/half filling, respectively.
Band structure in the cGW+SIC is shown in Fig. 9.
Corresponding one-body parameters in the cGW+SIC
are listed in Table II. Since the cGW+SIC method con-
siders only the correlation effect (self energy) of the
high-energy contribution to remove the double counting
of the correlation effect between the low-energy degree-
of-freedom, the one-body parameters are different from
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those obtained from the expected value of the Wannier
orbital calculated from the full GW calculation. The dif-
ference of the on-site potential becomes larger than that
in the Wannier ’s expectation value because of the ab-
sence of the correlation within the target bands. In ad-
dition to the increase of the on-site potential difference,
the nearest neighbor hopping between the different eg or-
bitals is reduced to less than half compared with that in
the Wannier’s expectation value, so that the screening
effect from the 3z2 − r2 orbital to the x2 − y2 orbital
would be almost negligible in the cGW+SIC Hamilto-
nian. The parameters within the same orbital do not
change so appreciably. The nearest neighbor and third
neighbor hoppings of the x2 − y2 orbital are about the
same as those calculated by the Wannier ’s expectation
value. The next-nearest neighbor hopping is, however,
about 40 % larger. The band originating from the 3z2−r2
orbital is flat as is the case with the Wannier ’s expec-
tation value. More detailed parameters beyond 10 meV
are listed in Supplementary Material31. Longer ranged
hoppings are smaller than 10meV.
The two-body parameters are also shown in Table II.
The bare onsite and intraorbital Coulomb interaction of
the 3z2 − r2/x2 − y2 orbital is 24/17 eV, respectively.
The Coulomb interaction is largely screened by the bands
other than the target ones, and the energy scale is re-
duced by one order of magnitude. The effective inter-
action of the 3z2 − r2/x2 − y2 orbital is 6.9/4.5 eV, re-
spectively. The effective exchange interaction is 0.73 eV.
The effective interaction between adjacent sites is about
20 % (11 %) of the on-site effective interaction for the
x2 − y2 (3z2 − r2) orbital. More detailed longer range
interactions beyond 50meV are listed in Supplementary
Material31. The on-site effective interaction over the ab-
solute value of the nearest neighbor hopping is about 10,
and the correlation effect of the system is very strong.
More detailed longer range interactions beyond 50meV
are listed in Supplementary Material31.
2. one-band Hamiltonian
We use the same Wannier function of the x2 − y2 or-
bital in the one-band Hamiltonian as that in the two-
band Hamiltonian. This is because the largest energy
window for the construction of the maximally localized
Wannier orbital by keeping the physically correct anti-
bonding orbital for the x2− y2 orbital is the same as the
two-band construction (the 14-band window). Unlike
the two-band Hamiltonian, since only the x2− y2 orbital
is disentangled from the entire band, the hybridization
between the 3z2 − r2 orbital and other orbitals except
the x2 − y2 orbital is retained. Band structure originat-
ing from the Wannier function of the x2 − y2 orbital is
shown in Fig. 10. This is exactly the same as that of the
two-band Hamiltonian. Corresponding one-body param-
eters are listed in the upper row of Table III.
Band structure in the cGW is shown in Fig. 11. In the
FIG. 7. (Color online) Isosurface of the maximally localized
Wannier function for ±0.03 a.u for (a) the Cu 3z2 − r2 or-
bital and (b) the Cu x2−y2 anti-bonding orbital of two-band
Hamiltonian and (c) the Cu x2 − y2 orbital and (d) the O 2p
orbital of three-band Hamiltonian in HgBa2CuO4. The dark
shaded surfaces (color in blue) indicate the positive isosurface
at +0.03 and the light shaded surfaces (color in red) indicate
-0:03.
FIG. 8. (Color online) Electronic band structure of two-band
Hamiltonian in the GWA originating from the Cu eg Wannier
orbitals for HgBa2CuO4. The zero energy corresponds to the
Fermi level. For comparison, the 17 band structures near the
Fermi level in the GWA is also given (black dotted line).
case of the single band Hamiltonian, there is no need to
consider SIC. The one-body parameter in the cGW+SIC
and the two-body parameter obtained from the cRPA are
listed in the second row group of Table III. Parameters
for longer ranged pairs up to the unit cell distance (3, 3, 0)
are given in Supplementary Material31. Beyond (3, 3, 0),
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FIG. 9. (Color online) Electronic band structure of two-band
Hamiltonian in the cGW-SIC originating from the Cu eg Wan-
nier orbitals for HgBa2CuO4. The zero energy corresponds to
the Fermi level. For comparison, the band structure in the
GWA is also given (black dotted line).
one-body parameters are all below 10 meV, and the two-
body parts beyond (3, 3, 0) can be estimated from the
1/r dependence both for Hg and La compounds. The
difference from the one-body parameters of the x2 − y2
orbital for the two-band Hamiltonian is small. This is
because the polarization effect from the 3z2 − r2 orbital
to the x2 − y2 orbital is significantly small from both
the symmetry and energy reasons, as is addressed in the
above analyses of the two-band Hamiltonian.
FIG. 10. (Color online) Electronic band structure of one-band
Hamiltonian in the GWA originating from the Cu dx2−y2
Wannier orbital for HgBa2CuO4. The zero energy corre-
sponds to the Fermi level. For comparison, the 17 band struc-
tures near the Fermi level in the GWA is also given (black
dotted line).
3. three-band Hamiltonian
The three-band Hamiltonian consists of the Cu 3d and
O 2p orbitals. We set the energy window for the maxi-
mally localized Wannier functions as same as that in the
previous calculation of the GWA. The Wannier functions
of the three-band Hamiltonian are illustrated in Fig. 7(c)
FIG. 11. (Color online) Electronic band structure of one-band
Hamiltonian in the cGW originating from the Cu dx2−y2 Wan-
nier orbital for HgBa2CuO4. The zero energy corresponds to
the Fermi level. For comparison, the band structure in the
GWA is also given (black dotted line).
and (d) and their spreads are listed in Supplementary
Material31. The three Wannier orbitals are close to the
Cu x2 − y2 and O 2p atomic orbitals.
Band structure calculated from the Wannier functions
is shown in Fig. 12. Although the Wannier functions are
close to the atomic orbitals, in the three-band Hamilto-
nian, bonding, nonbonding and anti-bonding bands gen-
erated from the Cu x2 − y2 and the O 2p orbitals are
naturally formed because of the strong hybridization be-
tween the d and p orbitals. The highest band closest to
the Fermi level in the GWA consists of the anti-bonding
orbital constructed from the Cu x2 − y2 and the O 2pσ
orbitals. The lower two bands are the O 2p non-bonding
and bonding bands. At the Γ point, due to the symme-
try, hybridization between the three orbitals completely
disappears and the O 2p band degenerates.
Corresponding one-body parameters of the Wannier
function are listed in the upper rows of Table IV. The
difference in the on-site potentials between the Cu x2 −
y2 and O 2p orbitals is 2.4 eV. The nearest neighbor
hopping between the Cu x2−y2 and O 2p orbitals reaches
1.26 eV, making a large splitting of bonding and anti-
bonding bands. The nearest neighbor hopping between
the two nearest O 2p orbitals is also large, 0.75 eV. Long
range hopping in the two and one-band Hamiltonians has
a relatively large amplitudes through the hybridization
with the O 2p orbitals. In contrast, in the three-band
Hamiltonians, the direct long range hopping between the
atomic orbital-like Cu x2 − y2 orbital is relatively small.
The occupation number of the Cu x2 − y2/O 2p orbital
is ∼ 1.4/1.8, respectively. The deviation from the full
filling of the occupancy number of the O 2p orbital arises
from the hybridization.
Band structure in the cGW+SIC is shown in Fig. 14.
Corresponding one-body parameters in the cGW+SIC
are listed in the second group of rows of Table IV. The
difference in the on-site potential between the Cu x2−y2
and O 2p orbitals (2.4 eV) is nearly the same as that
in the GWA. The nearest neighbor hopping between the
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Cu x2 − y2 and O 2p orbitals with the energy scale of
1 eV exhibits several % (∼ 70 meV) increase from the
GWA result and the nearest neighbor hopping between
the O 2p orbitals also increases by 100 meV compared
to that in the GWA, which make the energy splitting be-
tween the bonding and anti-bonding states at the X point
larger than that in the GWA. Longer range hoppings in
the cGW+SIC with the energy scale of 10 meV also in-
crease compared to those in the GWA. Further neighbor
hoppings larger than 10meV are listed in Supplementary
Material31. The two-body parameters are also listed in
Table IV. Effective on-site interaction of both the Cu
x2−y2 and O 2p orbitals is reduced to about 30 % of the
bare on-site interactions. The nearest neighbor effective
interaction between the Cu x2 − y2 and O 2p orbitals
is large, about 2 eV. The other interactions are 1 eV or
less, and the further neighbor interactions beyond the
next nearest neighbors gradually decrease with approxi-
mately 1/r behavior and are listed in the Supplementary
Material31.
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FIG. 12. (Color online) Electronic band structure of three-
band Hamiltonian in the GWA originating from the Cu
dx2−y2 and O 2p Wannier orbitals for HgBa2CuO4. The zero
energy corresponds to the Fermi level. For comparison, the
17 band structures near the Fermi level in the GWA is also
given (black dotted line).
FIG. 13. (Color online) Sign of the transfer integral between
the Cu dx2−y2 and O 2p orbitals for three-band Hamiltonian
for (a) the nearest-neighbor hopping and (b) the next-nearest-
neighbor hopping. Red and blue colors show opposite signs
of the wavefunction.
FIG. 14. (Color online) Electronic band structure of three-
band Hamiltonian in the cGW-SIC originating from the Cu
dx2−y2 and O 2p Wannier orbitals for HgBa2CuO4. The zero
energy corresponds to the Fermi level. For comparison, the
band structure in the GWA is also given (black dotted line).
B. La2CuO4
Band structures of La2CuO4 obtained by the DFT cal-
culations are shown in Figs. 15. The basic framework for
the derivation is the same as the La compound and we
do not repeat it here.
FIG. 15. (Color online) Electronic band structures of
La2CuO4 as a starting point of calculation, where the 4f band
is raised up by the GW self-energy after the LDA calculation.
The zero energy corresponds to the Fermi level.
1. two-band Hamiltonian
For the two-band Hamiltonian, the Wannier functions
are illustrated in Fig.17(a),(b) and their spreads are listed
in Supplementary Material31. The band structure ob-
tained from the full GWA is illustrated in Fig. 18, while
the cGW-SIC results are shown in Fig. 19. The choice
of the window to construct the Wannier orbital is more
subtle than the case of the Hg compound, because the
3d3z2−r2 orbital may play more active role. Although
the window should be taken as large as possible to make
the Wannier orbital maximally localized, the “3d3z2−r2
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FIG. 16. (Color online) Electronic band structures of
La2CuO4 obtained by the GWA for the dp 17 bands. The
zero energy corresponds to the Fermi level. For comparison,
the 0th shot band structure shown in Fig. 15 is also given
(black dotted line).
band” may not become the hybridized antibonding band.
Here we show the two-band Hamiltonian parameters de-
rived from the Wannier orbital excluding the apex oxy-
gen 2pz atomic orbital in the main text. Another choice
where one of the Wannier orbitals is constructed from
the 2pz − 3d3z2−r2 antibonding band is discussed in Ap-
pendix.
FIG. 17. (Color online) Isosurface of the maximally local-
ized Wannier function for ±0.03 a.u for (a) the Cu 3z2 − r2
orbital and (b) the Cu x2 − y2 anti-bonding orbital of two-
band Hamiltonian and (c) the Cu x2−y2 orbital and (d) the O
2p orbital of three-band Hamiltonian in La2CuO4. Notations
are the same as Fig. 7
FIG. 18. (Color online) Electronic band structure of two-
band Hamiltonian in the GWA originating from the Cu eg
Wannier orbitals for La2CuO4. The zero energy corresponds
to the Fermi level. For comparison, the 17 band structures
near the Fermi level in the GWA is also given (black dotted
line).
FIG. 19. (Color online) Electronic band structure of two-
band Hamiltonian in the cGW-SIC originating from the Cu eg
Wannier orbitals for La2CuO4. The zero energy corresponds
to the Fermi level. For comparison, the band structure in the
GWA is also given (black dotted line).
The obtained parameters for the two-band Hamilto-
nian is listed in Table V. Here we show the results
obtained from the choice of 14 bands by excluding 3
bands among the 17 bands for the window to determine
the Wannier orbital. This means that the Wannier or-
bital for the antibonding band constructed from the Cu
3dx2−y2 and inplane oxygen 2pσ band is employed, while
Cu 3d3z2−r2 band in the two-band Hamiltonian is con-
structed by excluding the apex oxygen 2pz orbital, be-
cause the 2pz orbital constitutes another Wannier orbital
orthogonal to the Cu 3d3z2−r2 Wannier orbital. In Ap-
pendix, we list the parameters obtained from the two-
band Hamiltonian, in which one band is explicitly con-
structed from the antibonding 3d3z2−r2 and the apex oxy-
gen 2pz orbitals. This is obtained by excluding lowest 7
bands among the 17 bands for the construction window
of the Wannier orbitals. The effective Hamiltonian pa-
rameters up to the relative unit-cell coordinate (3, 3, 0)
are listed in the Supplementary Material31 in the same
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way as the Hg compound.
2. one-band Hamiltonian
We show the band structure, and parameters for the
one-band Hamiltonian in Fig. 20 and Table VI, respec-
tively.
FIG. 20. (Color online) Electronic band structure of one-band
Hamiltonian in the GWA originating from the Cu dx2−y2
Wannier orbital for La2CuO4. The zero energy corresponds
to the Fermi level. For comparison, the 17 band structures
near the Fermi level in the GWA is also given (black dotted
line).
FIG. 21. (Color online) Electronic band structure of one-
band Hamiltonian in the cGW originating from the Cu dx2−y2
Wannier orbital for La2CuO4. The zero energy corresponds
to the Fermi level. For comparison, the band structure in the
GWA is also given (black dotted line).
3. three-band Hamiltonian
We show the Wannier function, GWA band structure,
cGW+SIC band structure and parameters for the three-
band Hamiltonian in Figs. 17(c),(d), 22, 23 and Table
VII, respectively. More detailed data can be found in
Supplementary Material31 including smaller energy pa-
rameters.
FIG. 22. (Color online) Electronic band structure of three-
band Hamiltonian in the GWA originating from the Cu
dx2−y2 Wannier orbital for La2CuO4. The zero energy cor-
responds to the Fermi level. For comparison, the 17 band
structures near the Fermi level in the GWA is also given (black
dotted line).
FIG. 23. (Color online) Electronic band structures of three-
band Hamiltonianin the cGW+SIC originating from the Cu
dx2−y2 Wannier orbital for La2CuO4. The zero energy corre-
sponds to the Fermi level. For comparison, the band structure
in the GWA is also given (black dotted line).
IV. DISCUSSION
A. Comparison of the parameters for the La and
Hg compounds
Main difference of the ab initio effective Hamiltonians
in between the Hg and La compounds arises from the
nature of the antibonding band formed from Cu x2 − y2
orbital and two in-plane O 2pσ orbitals in relation to
the band mainly originating from Cu 3z2 − r2 orbital
hybridizing with the apex oxygen pz orbital.
The first difference comes from the level difference ∆dp
between the Cu x2 − y2 orbital and two O 2pσ orbitals
in the three-band Hamiltonian. For the Hg compound,
∆dp ∼ 2.4eV while ∼ 3.7 eV for the La compound. This
difference makes the hybridization between Cu x2 − y2
orbital and two O 2pσ orbitals substantially larger for the
Hg compound. Consequently, the antibonding Wannier
orbital constructed from the x2 − y2 and 2pσ atomic or-
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bitals are more extended to the atomic O position. This
more covalent nature of the Hg compound causes the ef-
fective interaction for the Hg compound smaller than the
La compound in the one- and two-band Hamiltonians be-
cause of the extended Wannier orbital and the stronger
screening. This is reflected in the onsite effective inter-
action of the x2− y2 antibonding band, which is U ∼ 4.5
(4.4) eV for the 2-band (1-band) effective Hamiltonian of
the Hg compound in comparison to U ∼ 5.5 (5.0) eV for
the La compound.
The difference also comes from the fact that the con-
duction bands of HgBa2CuO4 originating from the s-
orbitals of the Hg and Ba atoms have wide band widths.
It is hybridized with 17 bands of the dp orbitals around
the Fermi level, and cross to the bottom of the 17 bands
at the Γ point (Fig. 6). On the other hand, since the
La2CuO4 does not have cations that effectively screens
the target orbitals, it shows a stronger interaction than
the HgBa2CuO4. The poorer screening also makes the
effective interaction U for the 3z2 − r2 band of the two-
band Hamiltonian larger (∼ 8.0 eV) for the La compound
than the Hg compound (6.9 eV).
Another difference could come from the existence of La
4f bands that requires an additional treatment of GW
specifically for the 4f bands although they do not belong
to the 17 bands. On the physical grounds, we expect
that although La 4f is located close to the Fermi level
in LDA, the correlation effect on the 4f bands pushes
up the 4f levels and the screening effects from the 4f
bands becomes small, which makes the distinction from
the Hg compound less serious in this aspect. This con-
tributes to preserve the larger effective interaction for the
La compounds.
The level difference of the antibonding x2 − y2 band
and the 3z2− r2 band is slightly smaller for the La com-
pound (∼ 3.7 eV) in comparison to the Hg compound
(∼ 4.0 eV). Together with the larger U , the La compound
has a heavier entanglement of the two bands. Therefore,
it is plausible that the 3z2−r2 orbital is substantially in-
volved in the low-energy physics near the Fermi level and
careful comparisons between the two-band and one-band
Hamiltonians would be required for the La compound.
The strong entanglement that depends on the momen-
tum in the La compound revealed already in the DFT
level makes the one-band treatment of the La compound
questionable. In the DFT level, the two eg bands strongly
hybridize around the D point in the Brillouin zone. At
least it is necessary to confirm the similarity to the solu-
tion of the two-band Hamiltonian to justify the one-band
Hamiltonian treatment after solving and comparing the
both.
The one-body parameters show another substantial
difference: Although the nearest neighbor transfer of
dx2−y2 orbital, tx2−y2 for the 1-band (2-band) Hamiltoni-
ans is similar ( -0.46 (-0.43) eV for the Hg compound and
-0.48 (-0.39) eV for the La compound), the next nearest
neighbor transfer t′x2−y2 shows a substantial difference
( 0.12 (0.10) eV for the Hg compound and 0.07 (0.14)
eV for the La compound). The ratio |t′x2−y2/tx2−y2 | be-
tween the nearest and next-nearest neighbor transfers of
the 3dx2−y2 orbital is then around 0.26 (0.24) for the
one-band (two-band) Hamiltonians of the Hg compound,
while it is 0.15 (0.35) for the La compound. A large dif-
ference in t′ between the two- and one-band parameters
of La2CuO4 is ascribed to the fact that the x
2 − y2 and
3z2 − r2 orbitals in the two-band Hamiltonian entangles
and mixes strongly in the one-band Hamiltonian espe-
cially in the D point of the Brillouin zone. The present
|t′x2−y2/tx2−y2 | for the one-band Hamiltonian shows sub-
stantially larger value for the Hg compound than the
La compound. This tendency is qualitatively similar to
those in Ref. 32, where |t′
x2−y2
/tx2−y2 | & 0.3 for the Hg
compound and |t′x2−y2/tx2−y2 | . 0.2 for the La com-
pound at the LDA level, while the ratios for the two
compounds are substantially smaller in the estimation of
Ref. 33.
Moreover the third neighbor transfer has a non-
negligible value ∼ 0.048 eV for the Hg compound while
it is small ∼ 0.002 eV for the La compound.
Since the hybridization between the Cu 3dx2−y2 and
the oxygen 2pσ orbitals are strong, we have large split-
ting of the antibonding band from the nonbonding and
bonding orbitals. This is the basis of justifying the one-
or two-band Hamiltonians rather than the three-band
form34. However, since the interaction scale is not abso-
lutely smaller than the splitting, it is conceivable that the
effect of the charge fluctuation between the Cu 3dx2−y2
and the oxygen 2pσ orbitals appears in some physical
quantities as first pointed out in Ref. 35. The present
three-band Hamiltonians will serve for the purpose of
examining the relevance of dynamical 3dx2−y-2pσ fluc-
tuations from the comparisons with the one-band results
based on first-principles and realistic analyses. This is
especially important for the Hg compound because ∆dp
is smaller.
We believe that the substantial differences revealed
above must lead to various differences in physical prop-
erties, particularly in the difference in the critical tem-
perature. This paper provides a starting point for under-
standing such differences. By solving the effective Hamil-
tonians in future studies, consequences of the differences
will be elucidated. Especially, it was shown13 that the
phase separation is enhanced if |t′/t| becomes small for
the Hubbard model. The phase separation is also en-
hanced for larger U/t in the Hubbard model. Then in the
present realistic Hamiltonians, these two differences may
cooperatively enhance the charge inhomogeneity of the
La compound in comparison to the Hg compound. This
is consistent with the experimental observation that the
La compound has a stronger tendency to the stripe and
charge inhomogeneities. Stronger effective attraction of
carriers is required to reach high Tc, while this is a double
edged sword, because it also drives the inhomogeneity in-
cluding stripes and charge orders36. The relation of the
inhomogeneity and the critical temperature and ways to
enhance Tc by suppressing the inhomogeneity is an inter-
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esting future issue .
The one-band Hamiltonian is justified when the
Hilbert subspace for the antibonding band is essentially
retained even after taking effective Coulomb interactions
into account at and around the Mott insulator. The re-
construction that invalidates the one-band description
will be negligible when the level splitting µab − µb be-
tween the antibonding orbital and the bonding (or non-
bonding) orbitals is larger than the difference Ub − U
′
bab
between the onsite effective Coulomb repulsion within the
bonding or nonbonding oribtal (Ub or Unb) and the on-
site repulsion U ′bab between an antibonding electron and
a bonding (or nonbonding) electron. The level splittings
µab − µb is 4 eV or larger as one sees in Figs.14 and 23,
while Ub − U
′
bab may not exceed 4eV. Namely, the en-
ergy level of the upper Hubbard band for the bonding or
nonbonding orbital may be lower than the energy level of
the lower Hubbard for the antibonding band. Hence the
doped hole is expected to preserve the character of the
antibonding orbital.This is one reasoning for the justifi-
cation of the one-band Hamiltonian and the description
by Zhang-Rice singlet34. Since the energy differences dis-
cussed above is not overwhelmingly large, uncertainties
remain. Therefore, the final answer to the validity of the
description by one-band hamoltonians will be obtained
after solving the Hamiltonian in the future.
V. SUMMARY
We have derived ab initio low-energy effective Hamil-
tonians for La2CuO4 and HgBa2CuO4, on the basis of
the multi-scale ab initio scheme for correlated electrons
(MACE). Among MACE, we have employed a refined
scheme to eliminate the double counting of electron cor-
relations arising from the DFT and the procedure of solv-
ing the presently derived Hamiltonians by low-energy
solvers afterwards. Three different effective Hamiltoni-
ans are derived: 1) one-band Hamiltonian for the anti-
bonding orbital generated from strongly hybridized Cu
3d x2 − y2 and O 2pσ orbitals 2) two-band Hamiltonian
constructed from the Cu 3d 3z2 − r2 orbital in addition
to the above antibonding 3d x2 − y2 orbital. For the
two-band Hamiltonians, we have prepared two options.
In the first choice, the Cu 3d3z2−r2 orbital is treated as
the atomic-like and the direct contribution from the oxy-
gen 2pz orbital is treated as the eliminated high-energy
part. In the second choice, the 2pz orbital hybridizing
with the Cu 3d3z2−r2 orbital is taken into account in the
low energy Hamiltonian. Then the antibonding orbital
constructed from the Cu 3d3z2−r2 and the 2pz orbitals
constitutes one of the two bands in the effective Hamil-
tonian. The two choices give substantially different effec-
tive interactions for the band involving the Cu 3d3z2−r2
orbitals. After solving the effective Hamiltonian, how-
ever, we expect that the two choices give similar results,
if the Cu 3d3z2−r2 orbitals play minor roles in low-energy
thermodynamic properties at the scale of the room tem-
perature. If the 3d3z2−r2 orbitals play roles, careful com-
parisons between two choices are required. 3) Three-band
Hamiltonian consisting mainly of Cu 3d x2 − y2 orbitals
and two O 2pσ orbitals.
Main differences between the Hamiltonians for
La2CuO4 and HgBa2CuO4 are summarized in the fol-
lowing three points. i) The two oxygen 2pσ orbitals are
farther (∼ 3.7 eV) below from the Cu dx2−y2 orbital for
the La compound than the Hg compound (∼ 2.4 eV),
which makes effective onsite Coulomb interaction U for
the antibonding dx2−y2-2pσ band larger for the La com-
pound (5.5 (5.0) eV) than the Hg compound (4.5 (4.0)
eV) in the two-band (one-band) Hamiltonians. The dif-
ference is also enhanced by the screening by the s band
originating from the cations (Hg and Ba), which is lo-
cated closer to the CuO2 plane and has energy closer to
the Fermi level than the La cation s band. ii) The ratio
of the second-neighbor to the nearest transfer t′/t is also
substantially different (0.26 for the Hg and 0.15 for the La
compound for the one-band Hamiltonian). iii) The level
difference of the bands mainly consisting of the copper
dx2−y2 from the d3z2−r2 orbitals is slightly larger for the
Hg compound (∼ 4.0 eV) than the La compound (∼ 3.7
eV). Combined with the larger onsite interaction, the La
compound has heavier entanglement of the two bands
for the La compound. Therefore, the 1-band Hamilto-
nian could be insufficient in representing some aspects of
the La compound.
The effective Hamiltonians obtained in the present
study serve as platforms of future studies aiming at accu-
rately solving the low-energy effective Hamiltonians be-
yond the density functional theory. Further studies on
physics of superconductivity on the cuprates based on the
present ab initio effective Hamiltonians are highly desir-
able. The present study may also promote future design
of higher Tc based on the first principles approach, which
is another intriguing future subject.
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Appendix A: Two-band Hamiltonian for La2CuO4
with antibonding 3dz2−r2 − 2pz orbital
Here we present two-band Hamiltonian parameters in
Table VIII, which is an alternative to Table V. One of
the two bands is constructed from the antibonding band
consisting of the copper 3dz2−r2 orbital and the apex
oxygen 2pz orbital. The other band is the antibonding
band consisting of the copper 3dx2−y2 orbital and the
inplane oxygen 2pσ orbitals.
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TABLE I. Summary of effective Hamiltonian parameters for HgBa2CuO4 and La2CuO4 (in eV). t and t
′ for one- and two-
band Hamiltonians are for nearest and next nearest neighbor transfers between Cu 3d orbitals, respectively. Onsite and
nearest neighbor interactions U and V , respectively for Cu 3d orbitals are given as well. The orbital level is given by ǫX with
X = x2−y2 or 3z2−r2. Left panel:1-band Hamiltonians. Middle two panels: two-band Hamiltonians. Right panel: three-band
Hamiltonians tdp (tpp) is for largest nearest-neighbor transfer between Cu 3dx2−y2 and O 2pσ (two O 2pσ) orbitals. Onsite (U)
and nearest neighbor (V ) interactions for Cu 3dx2−y2 and O 2pσ are given as well. The level difference between 3dx2−y2 and
2pσ is given by ∆dp.
HgBa2CuO4 1-band
t -0.461
t′ 0.119
|t′/t| 0.26
U 4.37
V 1.09
|U/t| 9.48
La2CuO4 1-band
t -0.482
t′ 0.073
|t′/t| 0.15
U 5.00
V 1.11
|U/t| 10.4
HgBa2CuO4 2-band
t 3z2 − r2 x2 − y2
3z2 − r2 0.013 0.033
x2 − y2 0.033 -0.426
t′ 3z2 − r2 x2 − y2
3z2 − r2 -0.003 0.000
x2 − y2 0.000 0.102
|t′x2−y2/tx2−y2 | 0.24
ǫx2−y2 − ǫ3z2−r2 4.01
U 3z2 − r2 x2 − y2
3z2 − r2 6.92 4.00
x2 − y2 4.00 4.51
V 3z2 − r2 x2 − y2
3z2 − r2 0.76 0.83
x2 − y2 0.83 0.90
|U/tx2−y2 | 3z
2 − r2 x2 − y2
3z2 − r2 16.2 9.4
x2 − y2 9.4 10.6
La2CuO4 2-band
t 3z2 − r2 x2 − y2
3z2 − r2 -0.008 0.057
x2 − y2 0.057 -0.389
t′ 3z2 − r2 x2 − y2
3z2 − r2 -0.013 0.000
x2 − y2 0.000 0.136
|t′x2−y2/tx2−y2 | 0.35
ǫx2−y2 − ǫ3z2−r2 3.74
U 3z2 − r2 x2 − y2
3z2 − r2 7.99 4.91
x2 − y2 4.91 5.48
V 3z2 − r2 x2 − y2
3z2 − r2 1.43 1.50
x2 − y2 1.50 1.56
|U/tx2−y2 | 3z
2 − r2 x2 − y2
3z2 − r2 20.5 12.6
x2 − y2 12.6 11.6
HgBa2CuO4 3-band
tdp 1.257
tpp 0.751
∆dp 2.416
Udd 8.84
Vdd 0.80
Vdp 1.99
Upp 5.31
Vpp 1.21
|Udd/tdp| 7.03
La2CuO4 3-band
tdp 1.369
tpp 0.754
∆dp 3.699
Udd 9.61
Vdd 1.51
Vdp 2.68
Upp 6.13
Vpp 1.86
|Udd/tdp| 7.02
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TABLE II. Transfer integral and effective interaction in two-band Hamiltonian for HgBa2CuO4 (in eV). We show the transfer
integral in the GWA as well as in the cGW-SIC for comparison, while the effective interaction is same in both the GWA and
the cGW-SIC. v and Jv represent the bare Coulomb interaction/exchange interactions respectively. U(0) and J(0) represent
the static values of the effective Coulomb interaction/exchange interactions (at ω = 0). The index ’n’ and ’nn’ represent the
nearest unit cell [1,0,0] and the next-nearest unit cell [1,1,0] respectively. The occupation number in the GWA is also given in
this Table.
t(GWA) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 -2.282 0.000 -0.018 0.084 -0.006 0.000 -0.003 0.010
x2 − y2 0.000 0.144 0.084 -0.453 0.000 0.074 0.010 -0.051
t(cGW-SIC) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 -3.811 0.000 0.013 0.033 -0.003 0.000 0.000 0.002
x2 − y2 0.000 0.197 0.033 -0.426 0.000 0.102 0.002 -0.048
v U(0) Jv J(0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 24.348 18.672 6.922 3.998 0.808 0.726
x2 − y2 18.672 17.421 3.998 4.508 0.808 0.726
vn Vn(0) vnn Vnn(0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 3.669 3.922 0.764 0.833 2.657 2.696 0.486 0.502
x2 − y2 3.922 4.155 0.833 0.901 2.696 2.749 0.502 0.522
occ.(GWA) 3z2 − r2 x2 − y2
1.992 1.008
TABLE III. Transfer integral and effective interaction of one-band Hamiltonian for HgBa2CuO4 (in eV). We show the transfer
integrals in the GWA as well as in the cGW for comparison, while the effective interactions are the same in both the GWA and
the cGW. v represents the bare Coulomb interaction. U(0)represent the static values of the effective Coulomb interaction (at
ω = 0). The index ’n’ and ’nn’ represent the nearest unit cell [1,0,0] and the next-nearest unit cell [1,1,0] respectively.
t(GWA) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 0.164 -0.453 0.074 -0.051
t(cGW) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 0.190 -0.461 0.119 -0.072
v U(0) vn Vn(0) vnn Vnn(0)
x2 − y2 17.421 4.374 4.155 1.093 2.749 0.736
20
TABLE IV. Transfer integrals and effective interactions for three-band Hamiltonian of HgBa2CuO4 (in eV). We show the
transfer integral in the GWA as well as in the cGW-SIC for comparison, while the effective interaction is the same in both
the GWA and the cGW-SIC. v and Jv represent the bare Coulomb and exchange interactions, respectively. U(0) and J(0)
represent the static values of the effective Coulomb and exchange interactions, respectively (at ω = 0). The index ’n’ and ’nn’
represent the nearest, [1,0,0] and the next-nearest sites [1,1,0] respectively. The occupation number in the GWA is also given
in the bottom column “occu.(GWA)” in this Table.
t(GWA) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -1.597 -1.184 1.184 -0.014 -0.026 -0.016 0.020 0.004 -0.004 0.002 -0.005 -0.002
p1 -1.184 -3.909 -0.659 1.184 0.111 0.659 -0.016 0.039 0.003 0.026 -0.008 0.003
p2 1.184 -0.659 -3.909 -0.016 -0.003 -0.061 0.016 0.003 0.039 -0.002 0.006 -0.004
t(cGW-SIC) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -1.696 -1.257 1.257 -0.012 -0.033 -0.056 0.021 -0.012 0.012 -0.012 0.004 -0.003
p1 -1.257 -4.112 -0.751 1.257 0.181 0.751 -0.056 0.054 0.004 0.033 -0.006 0.004
p2 1.257 -0.751 -4.112 -0.056 -0.004 -0.060 0.056 0.004 0.054 -0.003 0.001 -0.004
v U(0) Jv J(0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 28.821 8.010 8.010 8.837 1.985 1.985 0.063 0.063 0.048 0.048
p1 8.010 17.114 5.319 1.985 5.311 1.210 0.063 0.041 0.048 - 0.020
p2 8.010 5.319 17.114 1.985 1.210 5.311 0.063 0.041 0.048 0.020
vn Vn(0) vnn Vnn(0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 3.798 8.010 3.339 0.804 1.985 0.650 2.706 3.339 3.339 0.380 0.545 0.544
p1 2.577 3.877 2.417 0.499 0.847 0.450 2.172 2.678 2.417 0.286 0.415 0.356
p2 3.339 5.319 3.601 0.650 1.210 0.705 2.172 2.417 2.678 0.286 0.356 0.414
occ.(GWA) x2 − y2 p1 p2
1.437 1.781 1.781
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TABLE V. Transfer integral and effective interaction in two-band Hamiltonian for La2CuO4 (in eV). Notations are the same
as Table II.
t(GWA) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 -1.996 0.000 -0.007 0.082 -0.019 0.000 0.012 -0.002
x2 − y2 0.000 0.159 0.082 -0.451 0.000 0.088 -0.002 -0.041
t(cGW-SIC) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 -3.426 0.000 -0.008 0.057 -0.013 0.000 0.006 0.009
x2 − y2 0.000 0.313 0.057 -0.389 0.000 0.136 0.009 0.003
v U(0) Jv J(0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 26.091 20.037 7.993 4.906 0.874 0.793
x2 − y2 20.037 18.694 4.906 5.482 0.874 0.793
vn Vn(0) vnn Vnn(0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 3.793 4.021 1.431 1.497 2.745 2.779 1.186 1.196
x2 − y2 4.021 4.230 1.497 1.562 2.779 2.824 1.196 1.210
occ.(GWA) 3z2 − r2 x2 − y2
1.989 1.011
TABLE VI. Transfer integral and effective interaction of one-band Hamiltonian for La2CuO4 (in eV). The notations are the
same as Table III.
t(GWA) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 0.187 -0.451 0.088 -0.041
t(cGW) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 -0.003 -0.482 0.073 -0.102
v U(0) vn Vn(0) vnn Vnn(0)
x2 − y2 18.694 4.995 4.230 1.109 2.824 0.765
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TABLE VII. Transfer integrals and effective interactions for three-band Hamiltonian of La2CuO4 (in eV). The notations are
the same as Table IV.
t(GWA) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -1.743 -1.399 1.399 -0.010 -0.012 -0.042 0.013 -0.006 0.006 -0.004 -0.000 -0.001
p1 -1.399 -4.657 -0.659 1.399 0.120 0.659 -0.042 0.041 -0.000 0.012 -0.002 -0.000
p2 1.399 -0.659 -4.657 -0.042 0.000 -0.011 0.042 -0.000 0.041 -0.002 0.000 -0.002
t(cGW-SIC) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -1.538 -1.369 1.369 0.038 -0.036 -0.028 0.025 -0.020 0.020 -0.005 0.005 0.005
p1 -1.369 -5.237 -0.753 1.369 0.189 0.754 -0.028 0.047 0.010 0.036 -0.005 0.009
p2 1.369 -0.753 -5.237 -0.029 -0.010 0.021 0.028 0.009 0.047 0.005 -0.002 0.002
v U(0) Jv J(0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 28.784 8.246 8.246 9.612 2.680 2.680 0.065 0.065 0.049 0.049
p1 8.246 17.777 5.501 2.680 6.128 1.861 0.065 0.036 0.049 - 0.019
p2 8.246 5.501 17.777 2.680 1.861 6.128 0.065 0.036 0.049 0.019
vn Vn(0) vnn Vnn(0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 3.897 8.246 3.441 1.511 2.680 1.353 2.779 3.441 3.441 1.208 1.354 1.354
p1 2.656 4.002 2.502 1.199 1.503 1.156 2.241 2.770 2.502 1.104 1.217 1.157
p2 3.441 5.501 3.727 1.354 1.862 1.394 2.241 2.502 2.770 1.104 1.157 1.217
occ.(GWA) x2 − y2 p1 p2
1.350 1.825 1.825
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TABLE VIII. Transfer integral and effective interaction in two-band Hamiltonian for La2CuO4 (in eV) where one of the two
bands is constructed from the antibonding band of the copper 3z2 − r2 and apex oxygen pz orbitals. Notations are the same
as Table II.
t(GWA) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 -0.958 0.000 -0.047 0.151 -0.035 0.000 0.019 0.007
x2 − y2 0.000 -0.012 0.151 -0.448 0.000 0.089 0.007 -0.043
t(cGW-SIC) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 -0.212 0.000 -0.038 0.086 0.009 0.000 -0.017 0.012
x2 − y2 0.000 0.138 0.086 -0.389 0.000 0.143 0.012 0.001
v U(0) Jv J(0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 16.172 15.558 4.878 3.826 0.673 0.550
x2 − y2 15.558 18.505 3.826 5.320 0.673 0.550
vn Vn(0) vnn Vnn(0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 3.452 3.775 1.325 1.411 2.584 2.684 1.145 1.164
x2 − y2 3.775 4.240 1.411 1.539 2.684 2.823 1.164 1.193
occ.(GWA) 3z2 − r2 x2 − y2
1.949 1.051
ar
X
iv
:1
70
8.
07
49
8v
2 
 [c
on
d-
ma
t.s
up
r-c
on
]  
25
 A
ug
 20
17
Supplementary material for ab initio effective Hamiltonians for cuprate
superconductors
Motoaki Hirayama1), Youhei Yamaji2), Takahiro Misawa3) and Masatoshi Imada2)
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S.1. SPREAD OF WANNIER FUNCTION
We show the spread of the maximally localized Wannier functions (MLWFs) for HgBa2CuO4 and La2CuO4 in
Table S.1.
TABLE S.1. Spread of the Wannier functions (in A˚2) defined by quadratic extent. The upper/lower row shows the values of
the two-/three-band model.
Orbital HgBa2CuO4 La2CuO4
Cu 3z2 − r2 1.13 0.68
Cu x2 − y2 anti-bonding 2.68 2.14
Cu x2 − y2 0.56 0.52
O 2p 1.78 1.24
S.2. DETAILS OF HAMILTONANS
In this supplementary material, we list up the whole parameters including relatively small one-body parameters
up to the relative unit-cell distance (3,3,0). Beyond (3,3,0) all the one-body parameters are below 10 meV. We also
list up two-body parameters up to the distance (3,3,0). Interactions for further neighbor unit-cell pairs very well
follows 1/r dependence inferred from the list. One-body parameters for the two-band hamiltonian of HgBa2CuO4 are
listed in Table S.2 and the interaction parameters are given in Tables S.2, S.3, and S.4. The one-band hamiltonian
parameters are listed in Tables S.5 and S.6. in the same way. The three-band hamiltonian parameters are in Tables
S.7, S.8, S.9, S.10, S.11, and S.12. The hamiltonian parameters for La2CuO4 are given in the same order in Tables
S.13-S.23. Note that the unit cell of La2CuO4 has two copper atoms in the z direction.
2TABLE S.2. Transfer integrals and onsite potentials in the cGW-SIC for the two-band hamiltonian of HgBa2CuO4 (in eV).
The inter-layer hopping except for that in (0, 0, 1) is omitted because its energy scale is under 10 meV.
t(cGW-SIC) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 -3.811 0.000 0.013 0.033 -0.003 0.000 0.000 0.002
x2 − y2 0.000 0.197 0.033 -0.426 0.000 0.102 0.002 -0.048
(2, 1, 0) (2, 2, 0) (3, 0, 0) (3, 1, 0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 0.000 0.002 0.000 0.000 0.002 -0.002 -0.001 0.000
x2 − y2 0.002 -0.002 0.000 0.013 -0.002 0.004 0.000 0.009
(3, 2, 0) (3, 3, 0) (0, 0, 1)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 0.000 0.001 -0.001 0.000 -0.025 0.000
x2 − y2 0.001 0.000 0.000 -0.010 0.000 0.000
3TABLE S.3. Diagonal effective interactions within
the same CuO2 plane (left) and interlayer interactions
(right) in the cGW-SIC for two-band hamiltonian of
HgBa2CuO4 (in eV). The interactions are indexed as
〈φℓ1Ri1φℓ2Ri2 |X|φℓ3Ri3φℓ4Ri4 〉(X = v,W
r). For the orbital
index ℓ, 1 and 2 stand for the 3z2 − r2 and x2 − y2 orbitals,
respectively.
Ri1 ℓ1 Ri2 ℓ2 Ri3 ℓ3 Ri4 ℓ4 v W
r
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 24.348 6.722
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 18.672 3.820
(0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 2 0.808 0.726
(0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 0.808 0.726
(0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 0.808 0.726
(0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 1 0.808 0.726
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 18.672 3.820
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 17.421 4.314
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 1 (1, 0, 0) 1 3.669 0.764
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 2 (1, 0, 0) 2 3.922 0.833
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 1 (1, 0, 0) 1 3.922 0.833
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 2 (1, 0, 0) 2 4.155 0.901
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 1 (1, 1, 0) 1 2.657 0.486
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 2 (1, 1, 0) 2 2.696 0.502
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 1 (1, 1, 0) 1 2.696 0.502
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 2 (1, 1, 0) 2 2.749 0.522
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 1 (2, 0, 0) 1 2.013 0.343
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 2 (2, 0, 0) 2 2.045 0.355
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 1 (2, 0, 0) 1 2.045 0.355
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 2 (2, 0, 0) 2 2.083 0.369
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 1 (2, 1, 0) 1 1.839 0.303
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 2 (2, 1, 0) 2 1.856 0.310
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 1 (2, 1, 0) 1 1.856 0.310
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 2 (2, 1, 0) 2 1.875 0.317
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 1 (2, 2, 0) 1 1.574 0.245
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 2 (2, 2, 0) 2 1.583 0.249
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 1 (2, 2, 0) 1 1.583 0.249
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 2 (2, 2, 0) 2 1.593 0.253
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 1 (3, 0, 0) 1 1.693 0.268
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 2 (3, 0, 0) 2 1.707 0.274
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 1 (3, 0, 0) 1 1.707 0.274
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 2 (3, 0, 0) 2 1.723 0.280
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 1 (3, 1, 0) 1 1.613 0.252
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 2 (3, 1, 0) 2 1.624 0.257
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 1 (3, 1, 0) 1 1.624 0.257
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 2 (3, 1, 0) 2 1.635 0.262
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 1 (3, 2, 0) 1 1.468 0.222
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 2 (3, 2, 0) 2 1.475 0.225
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 1 (3, 2, 0) 1 1.475 0.225
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 2 (3, 2, 0) 2 1.483 0.229
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 1 (3, 3, 0) 1 1.401 0.208
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 2 (3, 3, 0) 2 1.408 0.211
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 1 (3, 3, 0) 1 1.408 0.211
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 2 (3, 3, 0) 2 1.415 0.214
TABLE S.4. Diagonal effective interactions for inter-
layer pair in the cGW-SIC for two-band hamiltonian of
HgBa2CuO4 (in eV). Same notation as Table S2.
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 1) 1 (0, 0, 1) 1 1.638 0.310
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 1) 2 (0, 0, 1) 2 1.606 0.294
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 1) 1 (0, 0, 1) 1 1.606 0.294
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 1) 2 (0, 0, 1) 2 1.578 0.283
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 1) 1 (1, 0, 1) 1 1.539 0.271
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 1) 2 (1, 0, 1) 2 1.519 0.266
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 1) 1 (1, 0, 1) 1 1.519 0.266
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 1) 2 (1, 0, 1) 2 1.500 0.260
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 1) 1 (1, 1, 1) 1 1.465 0.248
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 1) 2 (1, 1, 1) 2 1.451 0.245
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 1) 1 (1, 1, 1) 1 1.451 0.245
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 1) 2 (1, 1, 1) 2 1.438 0.242
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 1) 1 (2, 0, 1) 1 1.379 0.223
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 1) 2 (2, 0, 1) 2 1.371 0.223
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 1) 1 (2, 0, 1) 1 1.371 0.223
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 1) 2 (2, 0, 1) 2 1.364 0.222
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 1) 1 (2, 1, 1) 1 1.337 0.212
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 1) 2 (2, 1, 1) 2 1.331 0.212
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 1) 1 (2, 1, 1) 1 1.331 0.212
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 1) 2 (2, 1, 1) 2 1.325 0.212
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 1) 1 (2, 2, 1) 1 1.259 0.192
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 1) 2 (2, 2, 1) 2 1.255 0.193
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 1) 1 (2, 2, 1) 1 1.255 0.193
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 1) 2 (2, 2, 1) 2 1.253 0.193
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 1) 1 (3, 0, 1) 1 1.311 0.204
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 1) 2 (3, 0, 1) 2 1.307 0.205
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 1) 1 (3, 0, 1) 1 1.307 0.205
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 1) 2 (3, 0, 1) 2 1.303 0.205
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 1) 1 (3, 1, 1) 1 1.281 0.197
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 1) 2 (3, 1, 1) 2 1.277 0.198
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 1) 1 (3, 1, 1) 1 1.277 0.198
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 1) 2 (3, 1, 1) 2 1.274 0.198
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 1) 1 (3, 2, 1) 1 1.222 0.183
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 1) 2 (3, 2, 1) 2 1.220 0.184
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 1) 1 (3, 2, 1) 1 1.220 0.184
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 1) 2 (3, 2, 1) 2 1.218 0.184
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 1) 1 (3, 3, 1) 1 1.194 0.176
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 1) 2 (3, 3, 1) 2 1.192 0.177
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 1) 1 (3, 3, 1) 1 1.192 0.177
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 1) 2 (3, 3, 1) 2 1.191 0.178
4TABLE S.5. Off-diagonal effective interactions in the cGW-SIC for two-
band hamiltonian of HgBa2CuO4 (in eV). Same notation as Table S2.
(0, 1, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 0.275 0.064
(0, 1, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 0.361 0.065
(0, 1, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 0.269 0.066
(0, 1, 0) 1 (0, 0, 0) 2 (0, 1, 0) 1 (0, 1, 0) 1 0.275 0.064
(0, 1, 0) 2 (0, 0, 0) 2 (0, 1, 0) 1 (0, 1, 0) 1 0.361 0.065
(0, 1, 0) 2 (0, 0, 0) 2 (0, 1, 0) 2 (0, 1, 0) 2 0.269 0.066
(0,−1, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 0.275 0.064
(0,−1, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 0.361 0.065
(0,−1, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 0.269 0.066
(0,−1, 0) 1 (0, 0, 0) 2 (0,−1, 0) 1 (0,−1, 0) 1 0.275 0.064
(0,−1, 0) 2 (0, 0, 0) 2 (0,−1, 0) 1 (0,−1, 0) 1 0.361 0.065
(0,−1, 0) 2 (0, 0, 0) 2 (0,−1, 0) 2 (0,−1, 0) 2 0.269 0.066
(1, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 0.361 0.065
(1, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 0.269 0.066
(1, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 1 (1, 0, 0) 1 0.361 0.065
(1, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 2 (1, 0, 0) 2 0.269 0.066
(−1, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 0.361 0.065
(−1, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 0.269 0.066
(−1, 0, 0) 2 (0, 0, 0) 2 (−1, 0, 0) 1 (−1, 0, 0) 1 0.361 0.065
(−1, 0, 0) 2 (0, 0, 0) 2 (−1, 0, 0) 2 (−1, 0, 0) 2 0.269 0.066
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 1, 0) 2 0.275 0.064
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (0, 1, 0) 2 0.361 0.065
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 1, 0) 2 0.269 0.066
(0, 0, 0) 1 (0, 0, 0) 1 (0,−1, 0) 2 (0, 0, 0) 1 0.275 0.064
(0, 0, 0) 1 (0, 0, 0) 1 (0,−1, 0) 2 (0, 0, 0) 2 0.361 0.065
(0, 0, 0) 2 (0, 0, 0) 2 (0,−1, 0) 2 (0, 0, 0) 2 0.269 0.066
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0,−1, 0) 2 0.275 0.064
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (0,−1, 0) 2 0.361 0.065
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0,−1, 0) 2 0.269 0.066
(0, 0, 0) 1 (0, 0, 0) 1 (0, 1, 0) 2 (0, 0, 0) 1 0.275 0.064
(0, 0, 0) 1 (0, 0, 0) 1 (0, 1, 0) 2 (0, 0, 0) 2 0.361 0.065
(0, 0, 0) 2 (0, 0, 0) 2 (0, 1, 0) 2 (0, 0, 0) 2 0.269 0.066
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (1, 0, 0) 2 0.361 0.065
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 2 0.269 0.066
(0, 0, 0) 1 (0, 0, 0) 1 (−1, 0, 0) 2 (0, 0, 0) 2 0.361 0.065
(0, 0, 0) 2 (0, 0, 0) 2 (−1, 0, 0) 2 (0, 0, 0) 2 0.269 0.066
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (−1, 0, 0) 2 0.361 0.065
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (−1, 0, 0) 2 0.269 0.066
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 2 (0, 0, 0) 2 0.361 0.065
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 2 (0, 0, 0) 2 0.269 0.066
TABLE S.6. Transfer integrals in the cGW
for one-band hamiltonian of HgBa2CuO4 (in eV).
The inter-layer hopping is omitted because its en-
ergy scale is under 10 meV.
t(cGW) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 0.190 -0.461 0.119 -0.072
(2, 1, 0) (2, 2, 0) (3, 0, 0) (3, 1, 0)
x2 − y2 0.006 0.014 -0.006 0.010
t(cGW) (3, 2, 0) (3, 3, 0)
x2 − y2 0.000 -0.010
5TABLE S.7. Effective interactions in the cGW-
SIC for one-band hamiltonian of HgBa2CuO4 (in eV).
〈φℓ1Ri1φℓ2Ri2 |X|φℓ3Ri3φℓ4Ri4 〉(X = v,W
r) are shown.
Ri1 ℓ1 Ri2 ℓ2 Ri3 ℓ3 Ri4 ℓ4 v W
r
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 17.421 4.374
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 1 (1, 0, 0) 1 4.155 1.093
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 1 (1, 1, 0) 1 2.749 0.736
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 1 (2, 0, 0) 1 2.083 0.588
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 1 (2, 1, 0) 1 1.875 0.539
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 1 (2, 2, 0) 1 1.593 0.476
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 1 (3, 0, 0) 1 1.723 0.504
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 1 (3, 1, 0) 1 1.635 0.485
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 1 (3, 2, 0) 1 1.483 0.451
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 1 (3, 3, 0) 1 1.415 0.435
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 1) 1 (0, 0, 1) 1 1.578 0.539
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 1) 1 (1, 0, 1) 1 1.500 0.507
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 1) 1 (1, 1, 1) 1 1.438 0.484
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 1) 1 (2, 0, 1) 1 1.364 0.459
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 1) 1 (2, 1, 1) 1 1.325 0.447
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 1) 1 (2, 2, 1) 1 1.253 0.424
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 1) 1 (3, 0, 1) 1 1.303 0.439
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 1) 1 (3, 1, 1) 1 1.274 0.430
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 1) 1 (3, 2, 1) 1 1.218 0.414
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 1) 1 (3, 3, 1) 1 1.191 0.406
(0, 1, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 0.269 0.062
(0, 1, 0) 1 (0, 0, 0) 1 (0, 1, 0) 1 (0, 1, 0) 1 0.269 0.062
(0,−1, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 0.269 0.062
(0,−1, 0) 1 (0, 0, 0) 1 (0,−1, 0) 1 (0,−1, 0) 1 0.269 0.062
(1, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 0.269 0.062
(1, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 1 (1, 0, 0) 1 0.269 0.062
(−1, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 0.269 0.062
(−1, 0, 0) 1 (0, 0, 0) 1 (−1, 0, 0) 1 (−1, 0, 0) 1 0.269 0.062
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 1, 0) 1 0.269 0.062
(0, 0, 0) 1 (0, 0, 0) 1 (0,−1, 0) 1 (0, 0, 0) 1 0.269 0.062
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0,−1, 0) 1 0.269 0.062
(0, 0, 0) 1 (0, 0, 0) 1 (0, 1, 0) 1 (0, 0, 0) 1 0.269 0.062
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 1 0.269 0.062
(0, 0, 0) 1 (0, 0, 0) 1 (−1, 0, 0) 1 (0, 0, 0) 1 0.269 0.062
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (−1, 0, 0) 1 0.269 0.062
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 1 (0, 0, 0) 1 0.269 0.062
6TABLE S.8. Transfer integrals in the cGW-SIC for three-band hamiltonian of HgBa2CuO4 (in eV). The inter-layer hopping
is omitted because its energy scale is under 10 meV.
t(cGW-SIC) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -1.696 -1.257 1.257 -0.012 -0.033 -0.056 0.021 -0.012 0.012 -0.012 0.004 -0.003
p1 -1.257 -4.112 -0.751 1.257 0.181 0.751 -0.056 0.054 0.004 0.033 -0.006 0.004
p2 1.257 -0.751 -4.112 -0.056 -0.004 -0.060 0.056 0.004 0.054 -0.003 0.001 -0.004
(2, 1, 0) (2, 2, 0) (3, 0, 0) (3, 1, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -0.007 0.003 -0.008 0.009 -0.001 0.001 0.004 -0.002 0.001 0.003 -0.001 0.001
p1 0.012 0.000 0.013 -0.008 0.004 -0.002 -0.002 0.000 0.000 -0.001 0.000 -0.001
p2 0.003 -0.001 -0.003 0.008 -0.002 0.004 0.001 0.000 0.001 -0.001 0.000 0.000
(3, 2, 0) (3, 3, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 0.002 0.000 0.003 -0.006 0.002 -0.002
p1 0.000 0.000 -0.001 0.002 -0.001 0.000
p2 -0.001 0.001 0.001 -0.002 0.000 -0.001
7TABLE S.9. Diagonal effective interactions in the cGW-SIC
for three-band hamiltonian of HgBa2CuO4 (in eV). The inter-
actions are indexed as 〈φℓ1Ri1φℓ2Ri2 |X|φℓ3Ri3φℓ4Ri4 〉(X =
v,W r). The orbital indices 1, 2, and 3 stand for the x2 − y2,
p1 and p2 orbitals, respectively.
Ri1 ℓ1 Ri2 ℓ2 Ri3 ℓ3 Ri4 ℓ4 v W
r
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 28.821 8.837
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 8.010 1.985
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 3 0.327 0.105
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 3 (0, 0, 0) 2 0.327 0.105
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 3 (0, 0, 0) 3 8.010 1.985
(0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 0.170 0.104
(0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 0.170 0.104
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 8.010 1.985
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 2 0.170 0.104
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 0.170 0.104
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 17.114 5.311
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 3 (0, 0, 0) 3 5.319 1.210
(0, 0, 0) 2 (0, 0, 0) 3 (0, 0, 0) 1 (0, 0, 0) 1 0.327 0.105
(0, 0, 0) 3 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 0.327 0.105
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 1 (0, 0, 0) 1 8.010 1.985
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 2 (0, 0, 0) 2 5.319 1.210
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 3 17.114 5.311
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 1 (1, 0, 0) 1 3.798 0.804
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 2 (1, 0, 0) 2 8.010 1.985
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 3 (1, 0, 0) 3 3.339 0.650
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 1 (1, 0, 0) 1 2.577 0.499
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 2 (1, 0, 0) 2 3.877 0.847
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 3 (1, 0, 0) 3 2.417 0.450
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 0) 1 (1, 0, 0) 1 3.339 0.650
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 0) 2 (1, 0, 0) 2 5.319 1.210
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 0) 3 (1, 0, 0) 3 3.601 0.705
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 1 (1, 1, 0) 1 2.706 0.487
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 2 (1, 1, 0) 2 3.339 0.650
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 3 (1, 1, 0) 3 3.339 0.650
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 1 (1, 1, 0) 1 2.172 0.384
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 2 (1, 1, 0) 2 2.678 0.511
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 3 (1, 1, 0) 3 2.417 0.450
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 0) 1 (1, 1, 0) 1 2.172 0.384
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 0) 2 (1, 1, 0) 2 2.417 0.450
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 0) 3 (1, 1, 0) 3 2.678 0.511
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 1 (2, 0, 0) 1 2.033 0.357
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 2 (2, 0, 0) 2 2.577 0.499
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 3 (2, 0, 0) 3 1.959 0.339
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 1 (2, 0, 0) 1 1.770 0.297
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 2 (2, 0, 0) 2 2.024 0.362
TABLE S.10. Effective interactions in the cGW-SIC for
three-band hamiltonian of HgBa2CuO4 (in eV). Notations are
the same as Table S8.
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 3 (2, 0, 0) 3 1.724 0.288
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 0) 1 (2, 0, 0) 1 1.959 0.339
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 0) 2 (2, 0, 0) 2 2.417 0.450
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 0) 3 (2, 0, 0) 3 1.989 0.348
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 1 (2, 1, 0) 1 1.855 0.310
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 2 (2, 1, 0) 2 2.172 0.384
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 3 (2, 1, 0) 3 1.959 0.339
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 1 (2, 1, 0) 1 1.668 0.273
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 2 (2, 1, 0) 2 1.839 0.315
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 3 (2, 1, 0) 3 1.724 0.289
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 0) 1 (2, 1, 0) 1 1.693 0.278
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 0) 2 (2, 1, 0) 2 1.884 0.326
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 0) 3 (2, 1, 0) 3 1.824 0.312
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 1 (2, 2, 0) 1 1.584 0.251
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 2 (2, 2, 0) 2 1.693 0.278
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 3 (2, 2, 0) 3 1.693 0.278
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 1 (2, 2, 0) 1 1.491 0.234
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 2 (2, 2, 0) 2 1.563 0.253
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 3 (2, 2, 0) 3 1.562 0.253
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 0) 1 (2, 2, 0) 1 1.491 0.234
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 0) 2 (2, 2, 0) 2 1.562 0.253
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 0) 3 (2, 2, 0) 3 1.563 0.253
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 1 (3, 0, 0) 1 1.704 0.279
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 2 (3, 0, 0) 2 1.770 0.297
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 3 (3, 0, 0) 3 1.664 0.272
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 1 (3, 0, 0) 1 1.770 0.297
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 2 (3, 0, 0) 2 1.691 0.282
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 3 (3, 0, 0) 3 1.724 0.289
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 0) 1 (3, 0, 0) 1 1.664 0.272
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 0) 2 (3, 0, 0) 2 1.724 0.289
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 0) 3 (3, 0, 0) 3 1.673 0.276
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 1 (3, 1, 0) 1 1.623 0.260
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 2 (3, 1, 0) 2 1.668 0.273
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 3 (3, 1, 0) 3 1.664 0.272
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 1 (3, 1, 0) 1 1.668 0.273
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 2 (3, 1, 0) 2 1.608 0.262
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 3 (3, 1, 0) 3 1.724 0.288
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 0) 1 (3, 1, 0) 1 1.532 0.243
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 0) 2 (3, 1, 0) 2 1.562 0.253
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 0) 3 (3, 1, 0) 3 1.596 0.259
8TABLE S.11. Effective interactions in the cGW-SIC for
three-band hamiltonian of HgBa2CuO4 (in eV). Notations are
the same as Table S8.
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 1 (3, 2, 0) 1 1.476 0.229
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 2 (3, 2, 0) 2 1.491 0.234
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 3 (3, 2, 0) 3 1.532 0.243
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 1 (3, 2, 0) 1 1.491 0.234
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 2 (3, 2, 0) 2 1.458 0.230
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 3 (3, 2, 0) 3 1.562 0.253
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 0) 1 (3, 2, 0) 1 1.414 0.218
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 0) 2 (3, 2, 0) 2 1.423 0.223
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 0) 3 (3, 2, 0) 3 1.455 0.229
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 1 (3, 3, 0) 1 1.408 0.215
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 2 (3, 3, 0) 2 1.414 0.218
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 3 (3, 3, 0) 3 1.414 0.218
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 1 (3, 3, 0) 1 1.414 0.218
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 2 (3, 3, 0) 2 1.390 0.215
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 3 (3, 3, 0) 3 1.423 0.222
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 0) 1 (3, 3, 0) 1 1.414 0.218
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 0) 2 (3, 3, 0) 2 1.423 0.222
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 0) 3 (3, 3, 0) 3 1.390 0.215
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 1) 1 (0, 0, 1) 1 1.612 0.350
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 1) 2 (0, 0, 1) 2 1.574 0.324
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 1) 3 (0, 0, 1) 3 1.574 0.324
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 1) 1 (0, 0, 1) 1 1.574 0.324
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 1) 2 (0, 0, 1) 2 1.590 0.325
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 1) 3 (0, 0, 1) 3 1.539 0.306
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 1) 1 (0, 0, 1) 1 1.574 0.324
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 1) 2 (0, 0, 1) 2 1.539 0.306
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 1) 3 (0, 0, 1) 3 1.590 0.325
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 1) 1 (1, 0, 1) 1 1.524 0.300
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 1) 2 (1, 0, 1) 2 1.574 0.324
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 1) 3 (1, 0, 1) 3 1.492 0.287
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 1) 1 (1, 0, 1) 1 1.434 0.266
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 1) 2 (1, 0, 1) 2 1.505 0.293
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 1) 3 (1, 0, 1) 3 1.407 0.258
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 1) 1 (1, 0, 1) 1 1.492 0.287
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 1) 2 (1, 0, 1) 2 1.539 0.306
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 1) 3 (1, 0, 1) 3 1.503 0.290
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 1) 1 (1, 1, 1) 1 1.455 0.272
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 1) 2 (1, 1, 1) 2 1.492 0.287
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 1) 3 (1, 1, 1) 3 1.492 0.287
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 1) 1 (1, 1, 1) 1 1.380 0.247
TABLE S.12. Interlayer effective interactions in the cGW-
SIC for three-band hamiltonian of HgBa2CuO4 (in eV). No-
tations are the same as Table S8.
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 1) 2 (1, 1, 1) 2 1.436 0.267
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 1) 3 (1, 1, 1) 3 1.407 0.258
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 1) 1 (1, 1, 1) 1 1.380 0.247
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 1) 2 (1, 1, 1) 2 1.407 0.258
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 1) 3 (1, 1, 1) 3 1.436 0.267
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 1) 1 (2, 0, 1) 1 1.374 0.242
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 1) 2 (2, 0, 1) 2 1.434 0.266
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 1) 3 (2, 0, 1) 3 1.350 0.237
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 1) 1 (2, 0, 1) 1 1.315 0.225
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 1) 2 (2, 0, 1) 2 1.358 0.241
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 1) 3 (2, 0, 1) 3 1.295 0.221
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 1) 1 (2, 0, 1) 1 1.350 0.237
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 1) 2 (2, 0, 1) 2 1.407 0.258
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 1) 3 (2, 0, 1) 3 1.354 0.239
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 1) 1 (2, 1, 1) 1 1.334 0.229
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 1) 2 (2, 1, 1) 2 1.380 0.247
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 1) 3 (2, 1, 1) 3 1.350 0.237
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 1) 1 (2, 1, 1) 1 1.283 0.216
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 1) 2 (2, 1, 1) 2 1.317 0.228
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 1) 3 (2, 1, 1) 3 1.295 0.221
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 1) 1 (2, 1, 1) 1 1.283 0.216
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 1) 2 (2, 1, 1) 2 1.319 0.230
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 1) 3 (2, 1, 1) 3 1.314 0.227
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 1) 1 (2, 2, 1) 1 1.257 0.206
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 1) 2 (2, 2, 1) 2 1.283 0.216
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 1) 3 (2, 2, 1) 3 1.283 0.216
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 1) 1 (2, 2, 1) 1 1.220 0.198
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 1) 2 (2, 2, 1) 2 1.240 0.205
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 1) 3 (2, 2, 1) 3 1.240 0.205
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 1) 1 (2, 2, 1) 1 1.220 0.198
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 1) 2 (2, 2, 1) 2 1.240 0.205
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 1) 3 (2, 2, 1) 3 1.240 0.205
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 1) 1 (3, 0, 1) 1 1.309 0.221
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 1) 2 (3, 0, 1) 2 1.315 0.225
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 1) 3 (3, 0, 1) 3 1.288 0.217
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 1) 1 (3, 0, 1) 1 1.315 0.225
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 1) 2 (3, 0, 1) 2 1.294 0.220
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 1) 3 (3, 0, 1) 3 1.295 0.221
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 1) 1 (3, 0, 1) 1 1.288 0.217
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 1) 2 (3, 0, 1) 2 1.295 0.221
9TABLE S.13. Effective interactions in the cGW-SIC for three-band hamiltonian of HgBa2CuO4 (in eV). Notations are the
same as Table S8.
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 1) 3 (3, 0, 1) 3 1.289 0.218
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 1) 1 (3, 1, 1) 1 1.279 0.212
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 1) 2 (3, 1, 1) 2 1.283 0.216
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 1) 3 (3, 1, 1) 3 1.288 0.217
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 1) 1 (3, 1, 1) 1 1.283 0.216
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 1) 2 (3, 1, 1) 2 1.264 0.211
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 1) 3 (3, 1, 1) 3 1.295 0.221
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 1) 1 (3, 1, 1) 1 1.238 0.203
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 1) 2 (3, 1, 1) 2 1.240 0.205
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 1) 3 (3, 1, 1) 3 1.260 0.210
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 1) 1 (3, 2, 1) 1 1.222 0.196
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 1) 2 (3, 2, 1) 2 1.220 0.198
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 1) 3 (3, 2, 1) 3 1.238 0.203
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 1) 1 (3, 2, 1) 1 1.220 0.198
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 1) 2 (3, 2, 1) 2 1.206 0.195
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 1) 3 (3, 2, 1) 3 1.240 0.205
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 1) 1 (3, 2, 1) 1 1.190 0.189
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 1) 2 (3, 2, 1) 2 1.188 0.191
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 1) 3 (3, 2, 1) 3 1.204 0.195
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 1) 1 (3, 3, 1) 1 1.194 0.188
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 1) 2 (3, 3, 1) 2 1.190 0.189
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 1) 3 (3, 3, 1) 3 1.190 0.189
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 1) 1 (3, 3, 1) 1 1.190 0.189
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 1) 2 (3, 3, 1) 2 1.178 0.188
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 1) 3 (3, 3, 1) 3 1.188 0.191
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 1) 1 (3, 3, 1) 1 1.190 0.189
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 1) 2 (3, 3, 1) 2 1.188 0.191
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 1) 3 (3, 3, 1) 3 1.178 0.187
(0, 1, 0) 3 (0, 0, 0) 1 (0, 1, 0) 3 (0, 1, 0) 3 0.170 0.104
(0,−1, 0) 1 (0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 3 0.170 0.104
(1− 10) 2 (0, 0, 0) 3 (0,−1, 0) 1 (0,−1, 0) 1 0.327 0.105
(−110) 3 (0, 0, 0) 2 (−1, 0, 0) 1 (−1, 0, 0) 1 0.327 0.105
(0, 0, 0) 3 (0, 0, 0) 3 (0,−1, 0) 1 (0, 0, 0) 3 0.170 0.104
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 3 (0,−1, 0) 1 0.170 0.104
(0, 0, 0) 1 (0, 0, 0) 1 (0, 1, 0) 3 (1, 0, 0) 2 0.327 0.105
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 2 (0, 1, 0) 3 0.327 0.105
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TABLE S.14. Transfer integrals in the cGW-SIC for two-band hamiltonian of La2CuO4 (in eV). The inter-layer hopping is
omitted because its energy scale is under 10 meV.
t(cGW-SIC) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 -3.426 0.000 -0.008 0.057 -0.013 0.000 0.006 0.009
x2 − y2 0.000 0.313 0.057 -0.389 0.000 0.136 0.009 0.003
(2, 1, 0) (2, 2, 0) (3, 0, 0) (3, 1, 0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 -0.004 0.001 0.002 0.000 0.003 0.001 -0.002 0.001
x2 − y2 0.001 -0.020 0.000 0.000 0.001 0.012 0.001 -0.009
(3, 2, 0) (3, 3, 0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 0.000 0.001 0.000 0.0000
x2 − y2 0.001 0.002 0.000 0.002
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TABLE S.15. Effective interactions in the cGW-SIC for two-band hamiltonian of La2CuO4 (in eV). Notations are the same
as Table S2.
Ri1 ℓ1 Ri2 ℓ2 Ri3 ℓ3 Ri4 ℓ4 v W
r
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 26.091 7.993
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 20.037 4.906
(0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 2 0.874 0.793
(0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 0.874 0.793
(0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 0.874 0.793
(0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 1 0.874 0.793
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 20.037 4.906
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 18.694 5.482
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 1 (1, 0, 0) 1 3.793 1.431
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 2 (1, 0, 0) 2 4.021 1.497
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 1 (1, 0, 0) 1 4.021 1.497
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 2 (1, 0, 0) 2 4.230 1.562
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 1 (1, 1, 0) 1 2.745 1.186
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 2 (1, 1, 0) 2 2.779 1.196
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 1 (1, 1, 0) 1 2.779 1.196
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 2 (1, 1, 0) 2 2.824 1.210
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 1 (2, 0, 0) 1 2.075 1.047
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 2 (2, 0, 0) 2 2.103 1.053
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 1 (2, 0, 0) 1 2.103 1.053
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 2 (2, 0, 0) 2 2.135 1.061
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 1 (2, 1, 0) 1 1.897 1.017
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 2 (2, 1, 0) 2 1.913 1.020
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 1 (2, 1, 0) 1 1.913 1.020
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 2 (2, 1, 0) 2 1.930 1.024
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 1 (2, 2, 0) 1 1.625 0.966
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 2 (2, 2, 0) 2 1.634 0.967
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 1 (2, 2, 0) 1 1.634 0.967
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 2 (2, 2, 0) 2 1.644 0.968
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 1 (3, 0, 0) 1 1.745 0.983
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 2 (3, 0, 0) 2 1.758 0.985
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 1 (3, 0, 0) 1 1.758 0.985
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 2 (3, 0, 0) 2 1.772 0.988
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 1 (3, 1, 0) 1 1.664 0.970
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 2 (3, 1, 0) 2 1.675 0.972
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 1 (3, 1, 0) 1 1.675 0.972
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 2 (3, 1, 0) 2 1.686 0.974
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 1 (3, 2, 0) 1 1.517 0.944
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 2 (3, 2, 0) 2 1.524 0.945
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 1 (3, 2, 0) 1 1.524 0.945
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 2 (3, 2, 0) 2 1.532 0.946
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TABLE S.16. Effective interactions in the cGW-SIC for two-band hamiltonian of La2CuO4 (in eV). Notations are the same
as Table S2.
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 1 (3, 3, 0) 1 1.449 0.931
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 2 (3, 3, 0) 2 1.456 0.932
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 1 (3, 3, 0) 1 1.456 0.932
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 2 (3, 3, 0) 2 1.463 0.933
(0, 0, 0) 1 (0, 0, 0) 1 (0.5, 0.5, 1) 1 (0.5, 0.5, 1) 1 2.101 1.091
(0, 0, 0) 1 (0, 0, 0) 1 (0.5, 0.5, 1) 2 (0.5, 0.5, 1) 2 2.066 1.080
(0, 0, 0) 2 (0, 0, 0) 2 (0.5, 0.5, 1) 1 (0.5, 0.5, 1) 1 2.066 1.080
(0, 0, 0) 2 (0, 0, 0) 2 (0.5, 0.5, 1) 2 (0.5, 0.5, 1) 2 2.034 1.069
(0, 0, 0) 1 (0, 0, 0) 1 (1.5, 0.5, 1) 1 (1.5, 0.5, 1) 1 1.758 1.005
(0, 0, 0) 1 (0, 0, 0) 1 (1.5, 0.5, 1) 2 (1.5, 0.5, 1) 2 1.751 1.002
(0, 0, 0) 2 (0, 0, 0) 2 (1.5, 0.5, 1) 1 (1.5, 0.5, 1) 1 1.751 1.002
(0, 0, 0) 2 (0, 0, 0) 2 (1.5, 0.5, 1) 2 (1.5, 0.5, 1) 2 1.743 1.000
(0, 0, 0) 1 (0, 0, 0) 1 (1.5, 1.5, 1) 1 (1.5, 1.5, 1) 1 1.585 0.968
(0, 0, 0) 1 (0, 0, 0) 1 (1.5, 1.5, 1) 2 (1.5, 1.5, 1) 2 1.583 0.966
(0, 0, 0) 2 (0, 0, 0) 2 (1.5, 1.5, 1) 1 (1.5, 1.5, 1) 1 1.583 0.966
(0, 0, 0) 2 (0, 0, 0) 2 (1.5, 1.5, 1) 2 (1.5, 1.5, 1) 2 1.581 0.965
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 0.5, 1) 1 (2.5, 0.5, 1) 1 1.523 0.952
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 0.5, 1) 2 (2.5, 0.5, 1) 2 1.524 0.951
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 0.5, 1) 1 (2.5, 0.5, 1) 1 1.524 0.951
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 0.5, 1) 2 (2.5, 0.5, 1) 2 1.525 0.951
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 1.5, 1) 1 (2.5, 1.5, 1) 1 1.442 0.936
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 1.5, 1) 2 (2.5, 1.5, 1) 2 1.443 0.936
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 1.5, 1) 1 (2.5, 1.5, 1) 1 1.443 0.936
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 1.5, 1) 2 (2.5, 1.5, 1) 2 1.444 0.935
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 2.5, 1) 1 (2.5, 2.5, 1) 1 1.362 0.920
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 2.5, 1) 2 (2.5, 2.5, 1) 2 1.364 0.919
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 2.5, 1) 1 (2.5, 2.5, 1) 1 1.364 0.919
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 2.5, 1) 2 (2.5, 2.5, 1) 2 1.366 0.919
(0, 1, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 0.357 0.074
(0, 1, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 0.277 0.077
(0, 1, 0) 2 (0, 0, 0) 2 (0, 1, 0) 1 (0, 1, 0) 1 0.357 0.074
(0, 1, 0) 2 (0, 0, 0) 2 (0, 1, 0) 2 (0, 1, 0) 2 0.277 0.077
(0,−1, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 0.357 0.074
(0,−1, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 0.277 0.077
(0,−1, 0) 2 (0, 0, 0) 2 (0,−1, 0) 1 (0,−1, 0) 1 0.357 0.074
(0,−1, 0) 2 (0, 0, 0) 2 (0,−1, 0) 2 (0,−1, 0) 2 0.277 0.077
(1, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 0.357 0.074
(1, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 0.277 0.077
(1, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 1 (1, 0, 0) 1 0.357 0.074
(1, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 2 (1, 0, 0) 2 0.277 0.077
13
TABLE S.17. Effective interactions in the cGW-SIC for two-band hamiltonian of La2CuO4 (in eV). Notations are the same
as Table S2.
(−1, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 0.357 0.074
(−1, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 0.277 0.077
(−1, 0, 0) 2 (0, 0, 0) 2 (−1, 0, 0) 1 (−1, 0, 0) 1 0.357 0.074
(−1, 0, 0) 2 (0, 0, 0) 2 (−1, 0, 0) 2 (−1, 0, 0) 2 0.277 0.077
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (0, 1, 0) 2 0.357 0.074
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 1, 0) 2 0.277 0.077
(0, 0, 0) 1 (0, 0, 0) 1 (0,−1, 0) 2 (0, 0, 0) 2 0.357 0.074
(0, 0, 0) 2 (0, 0, 0) 2 (0,−1, 0) 2 (0, 0, 0) 2 0.277 0.077
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (0,−1, 0) 2 0.357 0.074
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0,−1, 0) 2 0.277 0.077
(0, 0, 0) 1 (0, 0, 0) 1 (0, 1, 0) 2 (0, 0, 0) 2 0.357 0.074
(0, 0, 0) 2 (0, 0, 0) 2 (0, 1, 0) 2 (0, 0, 0) 2 0.277 0.077
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (1, 0, 0) 2 0.357 0.074
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 2 0.277 0.077
(0, 0, 0) 1 (0, 0, 0) 1 (−1, 0, 0) 2 (0, 0, 0) 2 0.357 0.074
(0, 0, 0) 2 (0, 0, 0) 2 (−1, 0, 0) 2 (0, 0, 0) 2 0.277 0.077
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (−1, 0, 0) 2 0.357 0.074
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (−1, 0, 0) 2 0.277 0.077
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 2 (0, 0, 0) 2 0.357 0.074
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 2 (0, 0, 0) 2 0.277 0.077
TABLE S.18. Transfer integrals in the cGW for one-band hamiltonian of La2CuO4 (in eV). The inter-layer hopping is omitted
because its energy scale is under 10 meV.
t(cGW) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 -0.003 -0.482 0.073 -0.102
(2, 1, 0) (2, 2, 0) (3, 0, 0) (3, 1, 0)
x2 − y2 0.049 -0.005 -0.045 0.057
t(cGW) (3, 2, 0) (3, 3, 0)
x2 − y2 -0.013 -0.020
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TABLE S.19. Effective interactions in the cGW-SIC for one-band hamiltonian of La2CuO4 (in eV). Notations are the same
as Table S2.
Ri1 ℓ1 Ri2 ℓ2 Ri3 ℓ3 Ri4 ℓ4 v W
r
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 18.694 4.995
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 1 (1, 0, 0) 1 4.230 1.109
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 1 (1, 1, 0) 1 2.824 0.765
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 1 (2, 0, 0) 1 2.135 0.623
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 1 (2, 1, 0) 1 1.930 0.587
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 1 (2, 2, 0) 1 1.644 0.534
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 1 (3, 0, 0) 1 1.772 0.552
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 1 (3, 1, 0) 1 1.686 0.539
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 1 (3, 2, 0) 1 1.532 0.513
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 1 (3, 3, 0) 1 1.463 0.501
(0, 0, 0) 1 (0, 0, 0) 1 (0.5, 0.5, 1) 1 (0.5, 0.5, 1) 1 2.034 0.635
(0, 0, 0) 1 (0, 0, 0) 1 (1.5, 0.5, 1) 1 (1.5, 0.5, 1) 1 1.743 0.565
(0, 0, 0) 1 (0, 0, 0) 1 (1.5, 1.5, 1) 1 (1.5, 1.5, 1) 1 1.581 0.531
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 0.5, 1) 1 (2.5, 0.5, 1) 1 1.525 0.517
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 1.5, 1) 1 (2.5, 1.5, 1) 1 1.444 0.503
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 2.5, 1) 1 (2.5, 2.5, 1) 1 1.366 0.487
(0, 1, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 0.277 0.076
(0, 1, 0) 1 (0, 0, 0) 1 (0, 1, 0) 1 (0, 1, 0) 1 0.277 0.076
(0,−1, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 0.277 0.076
(0,−1, 0) 1 (0, 0, 0) 1 (0,−1, 0) 1 (0,−1, 0) 1 0.277 0.076
(1, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 0.277 0.075
(1, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 1 (1, 0, 0) 1 0.277 0.075
(−1, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 0.277 0.075
(−1, 0, 0) 1 (0, 0, 0) 1 (−1, 0, 0) 1 (−1, 0, 0) 1 0.277 0.075
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 1, 0) 1 0.277 0.076
(0, 0, 0) 1 (0, 0, 0) 1 (0,−1, 0) 1 (0, 0, 0) 1 0.277 0.076
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0,−1, 0) 1 0.277 0.076
(0, 0, 0) 1 (0, 0, 0) 1 (0, 1, 0) 1 (0, 0, 0) 1 0.277 0.076
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 1 0.277 0.075
(0, 0, 0) 1 (0, 0, 0) 1 (−1, 0, 0) 1 (0, 0, 0) 1 0.277 0.075
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (−1, 0, 0) 1 0.277 0.075
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 1 (0, 0, 0) 1 0.277 0.075
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TABLE S.20. Transfer integrals in the cGW-SIC for three-band hamiltonian of La2CuO4 (in eV). The inter-layer hopping is
omitted because its energy scale is under 10 meV.
t(cGW-SIC) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -1.538 -1.369 1.369 0.038 -0.036 -0.028 0.025 -0.020 0.020 -0.005 0.005 0.005
p1 -1.369 -5.237 -0.753 1.369 0.189 0.754 -0.028 0.047 0.010 0.036 -0.005 0.009
p2 1.369 -0.753 -5.237 -0.029 -0.010 0.021 0.028 0.009 0.047 0.005 -0.002 0.002
(2, 1, 0) (2, 2, 0) (3, 0, 0) (3, 1, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -0.025 0.007 -0.020 0.017 -0.002 0.002 0.009 -0.002 0.002 0.001 -0.003 -0.001
p1 0.020 -0.006 0.021 -0.020 0.011 -0.005 -0.002 0.002 0.001 -0.003 0.003 -0.003
p2 -0.005 0.002 -0.012 0.020 -0.005 0.011 0.002 0.001 0.001 -0.002 -0.001 0.000
(3, 2, 0) (3, 3, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 0.005 0.001 0.010 -0.009 0.005 -0.005
p1 0.001 -0.001 -0.003 0.005 -0.004 0.002
p2 0.001 0.003 0.004 -0.005 0.002 -0.004
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TABLE S.21. Diagonal effective interactions in the cGW-
SIC for three-band hamiltonian of La2CuO4 (in eV). X =
〈φℓ1Ri1φℓ2Ri2 |X|φℓ3Ri3φℓ4Ri4 〉(X = v,W
r). The orbital in-
dices 1, 2, and stand for the x2 − y2, p1 and p2 orbitals,
respectively.
Ri1 ℓ1 Ri2 ℓ2 Ri3 ℓ3 Ri4 ℓ4 v W
r
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 28.784 9.612
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 8.246 2.680
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 3 0.286 0.099
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 3 (0, 0, 0) 2 0.286 0.099
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 3 (0, 0, 0) 3 8.246 2.680
(0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 0.175 0.103
(0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 0.175 0.103
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 8.246 2.680
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 2 0.175 0.103
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 0.175 0.103
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 17.777 6.128
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 3 (0, 0, 0) 3 5.501 1.861
(0, 0, 0) 2 (0, 0, 0) 3 (0, 0, 0) 1 (0, 0, 0) 1 0.286 0.099
(0, 0, 0) 3 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 0.286 0.099
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 1 (0, 0, 0) 1 8.246 2.680
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 2 (0, 0, 0) 2 5.501 1.861
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 3 17.777 6.128
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 1 (1, 0, 0) 1 3.897 1.511
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 2 (1, 0, 0) 2 8.246 2.680
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 3 (1, 0, 0) 3 3.441 1.353
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 1 (1, 0, 0) 1 2.656 1.199
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 2 (1, 0, 0) 2 4.002 1.503
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 3 (1, 0, 0) 3 2.502 1.156
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 0) 1 (1, 0, 0) 1 3.441 1.354
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 0) 2 (1, 0, 0) 2 5.501 1.862
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 0) 3 (1, 0, 0) 3 3.727 1.394
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 1 (1, 1, 0) 1 2.779 1.208
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 2 (1, 1, 0) 2 3.441 1.354
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 3 (1, 1, 0) 3 3.441 1.354
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 1 (1, 1, 0) 1 2.241 1.104
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 2 (1, 1, 0) 2 2.770 1.217
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 3 (1, 1, 0) 3 2.502 1.157
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 0) 1 (1, 1, 0) 1 2.241 1.104
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 0) 2 (1, 1, 0) 2 2.502 1.157
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 0) 3 (1, 1, 0) 3 2.770 1.217
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 1 (2, 0, 0) 1 2.089 1.076
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 2 (2, 0, 0) 2 2.656 1.199
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 3 (2, 0, 0) 3 2.022 1.060
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 1 (2, 0, 0) 1 1.828 1.021
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 2 (2, 0, 0) 2 2.095 1.077
TABLE S.22. Effective interactions in the cGW-SIC for
three-band hamiltonian of La2CuO4 (in eV). Notations are
the same as Table S8.
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 3 (2, 0, 0) 3 1.787 1.012
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 0) 1 (2, 0, 0) 1 2.022 1.060
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 0) 2 (2, 0, 0) 2 2.502 1.157
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 0) 3 (2, 0, 0) 3 2.060 1.068
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 1 (2, 1, 0) 1 1.908 1.038
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 2 (2, 1, 0) 2 2.241 1.104
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 3 (2, 1, 0) 3 2.022 1.060
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 1 (2, 1, 0) 1 1.724 1.001
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 2 (2, 1, 0) 2 1.906 1.039
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 3 (2, 1, 0) 3 1.787 1.013
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 0) 1 (2, 1, 0) 1 1.750 1.008
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 0) 2 (2, 1, 0) 2 1.953 1.048
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 0) 3 (2, 1, 0) 3 1.890 1.037
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 1 (2, 2, 0) 1 1.631 0.985
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 2 (2, 2, 0) 2 1.750 1.008
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 3 (2, 2, 0) 3 1.750 1.008
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 1 (2, 2, 0) 1 1.544 0.967
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 2 (2, 2, 0) 2 1.622 0.984
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 3 (2, 2, 0) 3 1.621 0.981
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 0) 1 (2, 2, 0) 1 1.544 0.967
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 0) 2 (2, 2, 0) 2 1.621 0.981
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 0) 3 (2, 2, 0) 3 1.622 0.984
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 1 (3, 0, 0) 1 1.753 1.007
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 2 (3, 0, 0) 2 1.828 1.021
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 3 (3, 0, 0) 3 1.719 0.999
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 1 (3, 0, 0) 1 1.828 1.021
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 2 (3, 0, 0) 2 1.752 1.007
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 3 (3, 0, 0) 3 1.787 1.013
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 0) 1 (3, 0, 0) 1 1.719 0.999
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 0) 2 (3, 0, 0) 2 1.787 1.013
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 0) 3 (3, 0, 0) 3 1.735 1.003
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 1 (3, 1, 0) 1 1.671 0.991
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 2 (3, 1, 0) 2 1.724 1.001
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 3 (3, 1, 0) 3 1.719 0.999
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 1 (3, 1, 0) 1 1.724 1.001
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 2 (3, 1, 0) 2 1.667 0.991
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 3 (3, 1, 0) 3 1.787 1.012
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 0) 1 (3, 1, 0) 1 1.585 0.975
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 0) 2 (3, 1, 0) 2 1.621 0.981
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 0) 3 (3, 1, 0) 3 1.655 0.989
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TABLE S.23. Effective interactions in the cGW-SIC for
three-band hamiltonian of La2CuO4 (in eV). Notations are
the same as Table S8.
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 1 (3, 2, 0) 1 1.521 0.963
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 2 (3, 2, 0) 2 1.544 0.967
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 3 (3, 2, 0) 3 1.585 0.975
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 1 (3, 2, 0) 1 1.543 0.967
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 2 (3, 2, 0) 2 1.514 0.962
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 3 (3, 2, 0) 3 1.621 0.981
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 0) 1 (3, 2, 0) 1 1.465 0.952
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 0) 2 (3, 2, 0) 2 1.479 0.954
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 0) 3 (3, 2, 0) 3 1.511 0.962
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 1 (3, 3, 0) 1 1.453 0.950
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 2 (3, 3, 0) 2 1.465 0.952
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 3 (3, 3, 0) 3 1.465 0.952
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 1 (3, 3, 0) 1 1.465 0.952
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 2 (3, 3, 0) 2 1.445 0.949
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 3 (3, 3, 0) 3 1.479 0.954
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 0) 1 (3, 3, 0) 1 1.465 0.952
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 0) 2 (3, 3, 0) 2 1.479 0.954
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 0) 3 (3, 3, 0) 3 1.445 0.949
(0, 0, 0) 1 (0, 0, 0) 1 (0.5, 0.5, 1) 1 (0.5, 0.5, 1) 1 2.076 1.112
(0, 0, 0) 1 (0, 0, 0) 1 (0.5, 0.5, 1) 2 (0.5, 0.5, 1) 2 2.128 1.130
(0, 0, 0) 1 (0, 0, 0) 1 (0.5, 0.5, 1) 3 (0.5, 0.5, 1) 3 2.128 1.130
(0, 0, 0) 2 (0, 0, 0) 2 (0.5, 0.5, 1) 1 (0.5, 0.5, 1) 1 1.917 1.068
(0, 0, 0) 2 (0, 0, 0) 2 (0.5, 0.5, 1) 2 (0.5, 0.5, 1) 2 2.063 1.111
(0, 0, 0) 2 (0, 0, 0) 2 (0.5, 0.5, 1) 3 (0.5, 0.5, 1) 3 1.952 1.078
(0, 0, 0) 3 (0, 0, 0) 3 (0.5, 0.5, 1) 1 (0.5, 0.5, 1) 1 1.917 1.068
(0, 0, 0) 3 (0, 0, 0) 3 (0.5, 0.5, 1) 2 (0.5, 0.5, 1) 2 1.952 1.078
(0, 0, 0) 3 (0, 0, 0) 3 (0.5, 0.5, 1) 3 (0.5, 0.5, 1) 3 2.063 1.111
(0, 0, 0) 1 (0, 0, 0) 1 (1.5, 0.5, 1) 1 (1.5, 0.5, 1) 1 1.753 1.026
(0, 0, 0) 1 (0, 0, 0) 1 (1.5, 0.5, 1) 2 (1.5, 0.5, 1) 2 1.917 1.068
(0, 0, 0) 1 (0, 0, 0) 1 (1.5, 0.5, 1) 3 (1.5, 0.5, 1) 3 1.771 1.031
(0, 0, 0) 2 (0, 0, 0) 2 (1.5, 0.5, 1) 1 (1.5, 0.5, 1) 1 1.607 0.992
(0, 0, 0) 2 (0, 0, 0) 2 (1.5, 0.5, 1) 2 (1.5, 0.5, 1) 2 1.746 1.026
(0, 0, 0) 2 (0, 0, 0) 2 (1.5, 0.5, 1) 3 (1.5, 0.5, 1) 3 1.615 0.993
(0, 0, 0) 3 (0, 0, 0) 3 (1.5, 0.5, 1) 1 (1.5, 0.5, 1) 1 1.669 1.008
(0, 0, 0) 3 (0, 0, 0) 3 (1.5, 0.5, 1) 2 (1.5, 0.5, 1) 2 1.796 1.038
(0, 0, 0) 3 (0, 0, 0) 3 (1.5, 0.5, 1) 3 (1.5, 0.5, 1) 3 1.739 1.026
(0, 0, 0) 1 (0, 0, 0) 1 (1.5, 1.5, 1) 1 (1.5, 1.5, 1) 1 1.583 0.988
(0, 0, 0) 1 (0, 0, 0) 1 (1.5, 1.5, 1) 2 (1.5, 1.5, 1) 2 1.669 1.008
(0, 0, 0) 1 (0, 0, 0) 1 (1.5, 1.5, 1) 3 (1.5, 1.5, 1) 3 1.669 1.008
(0, 0, 0) 2 (0, 0, 0) 2 (1.5, 1.5, 1) 1 (1.5, 1.5, 1) 1 1.493 0.968
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TABLE S.24. Effective interactions in the cGW-SIC for three-band hamiltonian of La2CuO4 (in eV). Notations are the same
as Table S8.
(0, 0, 0) 2 (0, 0, 0) 2 (1.5, 1.5, 1) 2 (1.5, 1.5, 1) 2 1.574 0.988
(0, 0, 0) 2 (0, 0, 0) 2 (1.5, 1.5, 1) 3 (1.5, 1.5, 1) 3 1.550 0.980
(0, 0, 0) 3 (0, 0, 0) 3 (1.5, 1.5, 1) 1 (1.5, 1.5, 1) 1 1.493 0.968
(0, 0, 0) 3 (0, 0, 0) 3 (1.5, 1.5, 1) 2 (1.5, 1.5, 1) 2 1.550 0.980
(0, 0, 0) 3 (0, 0, 0) 3 (1.5, 1.5, 1) 3 (1.5, 1.5, 1) 3 1.574 0.988
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 0.5, 1) 1 (2.5, 0.5, 1) 1 1.523 0.973
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 0.5, 1) 2 (2.5, 0.5, 1) 2 1.607 0.992
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 0.5, 1) 3 (2.5, 0.5, 1) 3 1.526 0.973
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 0.5, 1) 1 (2.5, 0.5, 1) 1 1.487 0.964
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 0.5, 1) 2 (2.5, 0.5, 1) 2 1.518 0.972
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 0.5, 1) 3 (2.5, 0.5, 1) 3 1.488 0.964
(0, 0, 0) 3 (0, 0, 0) 3 (2.5, 0.5, 1) 1 (2.5, 0.5, 1) 1 1.481 0.964
(0, 0, 0) 3 (0, 0, 0) 3 (2.5, 0.5, 1) 2 (2.5, 0.5, 1) 2 1.550 0.980
(0, 0, 0) 3 (0, 0, 0) 3 (2.5, 0.5, 1) 3 (2.5, 0.5, 1) 3 1.510 0.971
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 1.5, 1) 1 (2.5, 1.5, 1) 1 1.442 0.957
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 1.5, 1) 2 (2.5, 1.5, 1) 2 1.493 0.968
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 1.5, 1) 3 (2.5, 1.5, 1) 3 1.481 0.964
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 1.5, 1) 1 (2.5, 1.5, 1) 1 1.415 0.950
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 1.5, 1) 2 (2.5, 1.5, 1) 2 1.435 0.956
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 1.5, 1) 3 (2.5, 1.5, 1) 3 1.449 0.956
(0, 0, 0) 3 (0, 0, 0) 3 (2.5, 1.5, 1) 1 (2.5, 1.5, 1) 1 1.390 0.945
(0, 0, 0) 3 (0, 0, 0) 3 (2.5, 1.5, 1) 2 (2.5, 1.5, 1) 2 1.426 0.953
(0, 0, 0) 3 (0, 0, 0) 3 (2.5, 1.5, 1) 3 (2.5, 1.5, 1) 3 1.432 0.956
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 2.5, 1) 1 (2.5, 2.5, 1) 1 1.363 0.940
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 2.5, 1) 2 (2.5, 2.5, 1) 2 1.390 0.945
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 2.5, 1) 3 (2.5, 2.5, 1) 3 1.390 0.945
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 2.5, 1) 1 (2.5, 2.5, 1) 1 1.343 0.935
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 2.5, 1) 2 (2.5, 2.5, 1) 2 1.354 0.939
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 2.5, 1) 3 (2.5, 2.5, 1) 3 1.367 0.940
(0, 0, 0) 3 (0, 0, 0) 3 (2.5, 2.5, 1) 1 (2.5, 2.5, 1) 1 1.343 0.935
(0, 0, 0) 3 (0, 0, 0) 3 (2.5, 2.5, 1) 2 (2.5, 2.5, 1) 2 1.367 0.940
(0, 0, 0) 3 (0, 0, 0) 3 (2.5, 2.5, 1) 3 (2.5, 2.5, 1) 3 1.354 0.939
(0, 1, 0) 3 (0, 0, 0) 1 (0, 1, 0) 3 (0, 1, 0) 3 0.175 0.103
(0,−1, 0) 1 (0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 3 0.175 0.103
(1,−1, 0) 2 (0, 0, 0) 3 (0,−1, 0) 1 (0,−1, 0) 1 0.286 0.099
(−1, 1, 0) 3 (0, 0, 0) 2 (−1, 0, 0) 1 (−1, 0, 0) 1 0.286 0.099
(0, 0, 0) 3 (0, 0, 0) 3 (0,−1, 0) 1 (0, 0, 0) 3 0.175 0.103
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 3 (0,−1, 0) 1 0.175 0.103
(0, 0, 0) 1 (0, 0, 0) 1 (0, 1, 0) 3 (1, 0, 0) 2 0.286 0.099
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 2 (0, 1, 0) 3 0.286 0.099
